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Modulus Functions

The modulus function or otherwise known as the absolute value of a real number x is defined by the following

‘= X ifx>0
~ |—xifx<0
It may also be defined as |X| = N

Properties of the Modulus Function

Property Example

The absolute value of x is written as |x|. It is defined by (a) ifa>0
he following: aj = .

the following |al —(a) if a<0

|X| can be thought of as the distance that x is from zero.

For example, the distance that 5 is from zero is 5,
whereas the distance that -3 is from zero is 3.

So we can then say [5| = 5whereas|-3/ =3

If a and b are both non negative or both non positive |3+5| < |3| +|5|
then equality |a+b| <|a|+|b|
If a>0 then |x|<a isequivalentto —a<x<a x| <4

Then we get the following expression

—a<X<a

If >0 then [x—k|<a is equivalent to
k—a<x<k+a

la-2|<4
Then we get the following expression

2—a<x<2+a

|ab| =[a] o b
al_[af
bl |b|

Sometimes |X|is referred to as magnitude of x, or the

modulus of x, which can be thought to roughly mean
the size of x
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Graphs of modulus

There are essentially a few ways to sketch modulus functions, namely we can use our graphic calculators (using
the graph) or we can go from the definition method.
Let’s us examine the definition method

Example 1: Sketch the graph of y =|x+3|

Steps Method
. (@) ifa=0
First always start with the definition Remember the definition [a| = :
—(a) if a<0
Now put in the required variables for In this case we have a=X+3
the question at hand we get the So using the definition we have the following
following
It pays to use the brackets so that we do (x+3) ifx+3>0
not get confused x+3= _
—(x+3) ifx+3<0

y=x+3ifx+3>0

Now to solve this above equation we will have to remember how to
deal with inequalities. Remember the inequality changes if we divide
or multiply by a negative number!

Now we solve each expression
separately.

So we solve the inequality

X+3>0
X>-3
So this equation looks like this y =x+3 X>-3

Now we look at the other part of the expression
X+3<0

X<-3

So this graph would be y=—x-3 for x<-3

Now we solve the other inequality
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Now we sketch the graph

| Be careful when sketching the graphs

/

y Intercept
(0,3)

1

10~

Notice how the graph is positive for all values of x

Now we could have just used our graphics calculators and we would had obtained the above graph quickly,
however it is important to be able to do the maths.

Let us look at a few more examples on using modulus functions.

Example 2: Yy =|x+2)|

Start with the definition
always

We use the definition of

|a|__{(a) if a>0

= . to see how to sketch
—(a) if a<0

this modulus function

Now replace the numbers with
what we actually have

Here in the place of a=x+2

(x+2) if(x+2)20}

So we have the following | X-2| = { (x+2) if (x+2) <0

Now separating the two
expressions into two

y =X+2 if (x+2) >0 which basically means x> -2

The other expression becomes

y =—(X+2) ——x—2, which applies for the following (X+2) <0 — X < -2
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| Now we sketch the graph once again using both expressions

10+
V

Notice how the next graph looks a little different; in the sense the modulus signs only cover the x values

Example 3: Sketch y = |X|—4

Definition as always

o a ifa>0
Remember the definition |a| = .
-a if a<0

Now use the expressions for our question

x| = x—4 if x>0
~ |-x—4 if -x<0

Now do the first expression

Now the graph of y=x—4 isfor x>0

Now the other expression

While the graph of y =—x—4 if for —x <0
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Intercept
omt of Inflection
b -4 )

«1O
\

Notice how the graph has been moved downwards

Using the graphics calculator to sketch the modulus functions

Many different ways let us look at two ways

Step-1:Start the calculator Step-2:Press Main Step-3:Press keyboard- 2D
m | ¥ Edit Action Interactive | ¥ Edit Action Interactive

. = s | g s | g

D ™ D ™

eACtivity

bl
20 |EEE]
HERAEER |$~|x|y|z|t 4-|
=ARC I HEEEE

5 6 H|+
i
1L1=’|']||'|||1 AEIBE
i {) {}{DHE:E“E‘ . |[E]|an=
DiffEgGraph  MumSolve [+ - CALE | Aoy JorTH] vAR [ExE
A1l o] Ala Standard Feal Fad qm] Ala Standard Feal Fad qm]

Graph&Tab...
Cor,

Geometry
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Step-4:Press the absolute button
and input the equation directly into
the calculator

I
EHHHHMER“IHII

[ | -4 =

-
20 |15

zlefelol o], [slalyl=lz &)

D|r|_||?89

J[6 =

x 1“9-']||.|||1 HAE R
) {}{-HE:E“B NEEE
I:FILI:| ADY | OPTH | VAR |EXE
Alg Standard Feal Fad gm]

Step-5:Press Enter the button and
you will get the following. And
drag the equation to the next Iine

I
Eﬂﬁﬂﬁmmﬂﬂlﬂll

|| -4 =
l -4

Js<l -4

2 |EIE]
e |4 |e) )| |$~|x|y|z|t 4-|
Slmle HaHaE
=" 1'-"9||]||.|||1 =2l[+]-

() {}{-HE:E“B . [ellan=

CALC | ACDY | OFTH | YAR |EXE
Ala Standard Feal Fad gm]

SE-XZ

Step-6:Now press the graph button
on the top of the screen and you
will get the following

W Edit Zoorm Analysis IZI'

Fad Feal ]

Step-7:drag the equation to the
screen on the bottom

W Edit Zoom Analvsis # IZI'
i [EEE|

A

Fad Feal ]

Step-8:Now click on the screen
below and resize and you get

¥ Edit Zoom Analysis # IZI'

Fad Feal ]

Step-9:That is your graph
You could had also done it by
directly input the function from the
screen using the short word abs( x)-
4 and moving to the graph quickly

I
Eﬂﬁﬂﬁmmﬂﬂlﬂll

absCar -4 -
|| -

|

mth | abc | cat | 20
Ilﬂllﬂﬂlﬂﬂﬂﬂrﬂ

g9 =
S|e|[=|+
213|+[-

log | Im

TRIG | CALC |-::-PTN '-.-'FIH EXE
Ala Standard Real Fad gm]

Skill Builder

Try the following questions to hone your skills
Sketch the graph of each of the following modulus function. Make sure you include the domain and range of the

function,
a) Sketch the graph of y =|x+5|
b) Sketch the graph of y =|x|+2
c) Sketch the graph of y=|x—1
d) Sketch the graph of y=|x—1|+5
e) Sketch the graph of y =|x+3|-
f) Sketch the graph of y =|2x—1]+5
g) Sketch the graph of y=4—|x|
h) Sketch the graph of y= —|x— 2| +1
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More difficult questions regarding modulus functions

How do we sketch the following graph? y = ‘xz +X— 2‘

Let us use the definition of modulus
a ifa=0

lal = .
-a if -a<0

X +x-2| =

(x2+x—2) if x>+x-2>0

—(x2+x—2) if x2+x—2<0

Now this is where it gets difficult
X>+x—-2>0

We can factorise the above quadratic equation, X* +X—2— (X+2)(x—1)

Now lets us sketch the normal graph of y =

' X Intercept
(1.0)

e e — —t—>
-10 -5 5 10
“-x Iﬁtércé t i S m——
(-2 0)p -5+ |y Intercept
LSRR S 11(0,-2)
-10
V
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From the above graph we can see that the x-intercepts are x= -2 and x=1
Now let us consider the two expressions to see when they are true

X2 +x—-2>0
(x+2)(x-1)>0

To get the above expression to be positive both brackets must be positive or both brackets must be negative,
therefore x<—-2orx>1

The second expression —(x2 +X— 2) ifxX*+x-2<0

(x+2)(x-1)=0

To get the above expression < 0 then x must be between -2 and 1, we write this like (-2, 1)

Then we can sketch the above graph taking into account the domain of the two expressions

y

y In.ter'ce.pt |
(10:2))

-10

If you like at the two graph side by side notice what has actually happen.
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2
ol e o | x Intercept
(1.0)
<ttt (‘. $— > X
-10 5 1 10
Intercept 1
:_2 eo ) P S+ Y Intercept
' + (0,-2)

+

-10 T

v

10+

The normal graph

Notice the how the bottom is reflected in the x-axis

Method 2: Simply sketch the graph. y = x> + x — 2 The absolute value of a positive number is equal to that

number, and the absolute value of a negative number is equal to the negative number and is therefore positive. So

we simply sketch the normal graph and reflect in the x-axis the part of the graph that has a negative y value.

Example: Sketch the graph of y =|(2—x)(x—1)(x+3)

Let’s have done it the fast way

X Intercept
( '3 ' 0 )

y Intercept
Point of Inflection
(0,-6)

And if you reflect the

k 10f

F(2=X)(x=1)(x+3)

X Intercept
(1.,0)

+—+—1 ==X
5 10
X Intercept
(2,0)
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Skill builder

a) Sketch the graph of y= ‘xz +3x—10‘

b) Sketch the graph of y= ‘xz - 2x—8‘

c) Sketch the graph of y :‘(x—l)(x+1)(x+3)‘

d) Sketch the graph of y =|(x+1)(x+3)(x+4)|

e) Sketch the graph of y = ‘(x—l)2 (X—3)‘

f) Sketch the graph of y = ‘(X+ 2)2 (X—Z)‘

SOLVING MODULUS EQUATIONS

We normally use the absolute value in Physics when we are looking at the magnitude of something which
basically means the value without worrying about it direction like in the case of velocity.
Simply put the absolute value means how far the number is from the zero on a number line.

6] its absolute value is 6

|—6| Its absolute value is 6 also , as it is 6 units away from zero on the number line.

So in practice the *absolute value' means to remove any negative sign and give its positive value.

Example

Problems Answer

| 4| 4

|-12] 12

-4 -4 ( tricky guestion, notice that the negative sign is outside the modulus sign)
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Properties of the modulus
So when a number is positive or zero we leave it alone but if it is a negative number we change it to a positive

We can show that by using the following:
|x|— (x) ifx>0
=) ifx<0
Which is the formal definition of what actually happens.

So |-17 | will give us the following -(-17) and we get 17

Another property which is extremely useful is the following:

lz|=2
z=+a

Solve the following equation |x+3|=5

|x+3|=5
_X+3=15
" x+3=-5 x+3=5
X=-8 x=2

Notice how we split the problems into two parts and then proceed with the individual solution

Let us return back to the definition of absolute value

| x| is the distance of x from the zero.

So the modulus of |3 =3 and so is |-3| =3, so modulus is how far a number is from zero.

3 units of length
B o¢ o A

-

i | " ! 4 ! | + ! 4 | 4 | 4 J + 4
~ 1 I > | I 5 { I 4 1 I ) | I

\/

1
3 units of Ieﬁ’zgth

In summary then we have the following definitions:
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Absolute values means How far a number is from zero
In Physics we tend to use the expression the
magnitude of a number , it size

So if we are asked to find the absolute value of an For example the absolute value of -30 is 30

number we just give a positive value Absolute value of -5is 5
We tend to ignore the negative and just state the
number

To show the absolute value To show we are talking about the absolute value of a

function we use the following ||, we call them bars

Sometimes calculators we show the absolute values
be using the expression abs(-1), which means find the | Sometimes absolute value is also written as "abs()",
absolute value of -1 so abs(-1) = 1 is the same as |-1| = 1

Case 1- Questions involving < inequality or the < inequality

The solution is always an interval and the pattern holds true.

The inequality to solve What it means
x| <a —a<x<a
Ix|<a —a<x<a

Examples involving case 1 type of problems

Solve the following inequality This means that the solution is giving by the above definition
x| <5 —5 < x <5 and that is your answer

However if you wanted the complete working out you will need to do
the following:

We split it to put parts from the definition of the modulus which is
namely the following

(x) 1fx>0
X= {—(x) ifx < o}

X <5, provided x>0

And the next part of the equation becomes
-X<5

X > -5 provided x <0

Now we have the two parts and we get the following inequality that

provides us with the solution that is:
-5<x<5

Now we could write this as an interval as [-5,5]

Another example to illustrate the Let us use the quick way of solving this inequality
basic idea is solve for x the following

It is of the form of case 1, so we get the following expression
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2x-3)<8

-8<2x-3<8
—-8+3<2x-3+3<8+3
-5« 2x<11

I could had separated the expressions and proceed with two equations
but I decided in using the fast method to obtain the answer

Case 2- the inequality is >or >

X<—aorx>a

(x) ifx>0
|x| >a Remember that |X| = {—(x) if x < O}
So that means
—X>a
X<-a
x|>a X<-aorx=a

So the solution is two inequalities not one. Do not try to combine them into one inequality as this would be

a mistake.
Example
Solution
X<-2 and x>2
Solve |x|>2 Now we can write this as (—o0,—2)U(2,)
It would be a mistake to combine this and write is as —2 < X <2? Why? You
cannot have X <—2 and X > 2
Hold true at the same time.
First step solve this equation
2X—-3<-5
2X< -2
x<-1
Then next step solve this equation
Solve [2x—3>5 2x—3>5
2x>8
X>4

And the answer is X<-1UX>4
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What about if we are asked to go backwards?
Say for example- find the absolute value inequality that corresponds to the inequality of -2 < X <4?
How would you proceed?

Let me show you a basic series of steps that you can use to get to the correct answer?

Step Method

Sketch the number line
and you will see the
following S, f D= + - t D

Look at the end points The end points are -2 and 4 and they are separated by 6 units apart
Now divide this by 2 Dividing by 2 we have 3
What is happening I want to adjust the inequality so it is -3 and 3 instead of -2 and 4
For this to happen | will need to subtract 1 from both sides of the inequality
—-2<x<4
-2-1<x-1<4-1
-3<x-1<3
Does that look familiar This is where you can look at case 1 and you can rewrite this as

|x—]4 <3, which is the answer

Skills builder
-3<x<4
Show the following on a number | —1<X<5
line B<x)u(x<-2)
<
Simplify each of the following gi;i 7
inequalities and draw a number By _1<10_2
diagram X—lsle—eX
x-3<11
Find the solution sets of the |4x _3| >12
following inequalities
3x-1]>5
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MODULUS FUNCTIONS
It can be thought of as distance from (@) if a=0
1 What is modulus? | zero without worrying about positive or | |a| = { . }
negative —(a) if a<0
What is the Itis called the modulus of 3 or the y = x—1| use the definition and
2 : magnitude of 3 or the size of three then rewrite it as
meaning of |3|? 2
which is 3 of course (x=1) x-1>0
X—1|= B
| | {—(x—l) x-1< 0}
How do vou sketch | ESsentially you will need to split the Now split the problem into two , first
3 raphs 01¥modulu3 graph up using the definition and then | dO the top part
grap sketch each separately y=(x-1) x-1>0 and then do
the second bottom part
y=—(x-1) x-1<0
What do you need | Watch out for the inequality signs Be careful to use a number line to
4 to be_carefl_JI when carefglly. If you multiply or divide by a help you with the domains and
working with negative number ranges also!
modulus? Also include the brackets! g )
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