Here are my online notes for my Algebra course that I teach here at Lamar University, although I
have to admit that it’s been years since I last taught this course. At this point in my career I
mostly teach Calculus and Differential Equations.

Despite the fact that these are my “class notes”, they should be accessible to anyone wanting to
learn Algebra or needing a refresher for algebra. I’ve tried to make the notes as self contained as
possible and do not reference any book. However, they do assume that you’ve had some
exposure to the basics of algebra at some point prior to this. While there is some review of
exponents, factoring and graphing it is assumed that not a lot of review will be needed to remind
you how these topics work.

Here are a couple of warnings to my students who may be here to get a copy of what happened on
a day that you missed.

1. Because I wanted to make this a fairly complete set of notes for anyone wanting to learn
algebra I have included some material that I do not usually have time to cover in class
and because this changes from semester to semester it is not noted here. You will need to
find one of your fellow class mates to see if there is something in these notes that wasn’t
covered in class.

2. Because I want these notes to provide some more examples for you to read through, I
don’t always work the same problems in class as those given in the notes. Likewise, even
if I do work some of the problems in here I may work fewer problems in class than are
presented here.

3. Sometimes questions in class will lead down paths that are not covered here. Itry to
anticipate as many of the questions as possible in writing these up, but the reality is that I
can’t anticipate all the questions. Sometimes a very good question gets asked in class
that leads to insights that I’ve not included here. You should always talk to someone who
was in class on the day you missed and compare these notes to their notes and see what
the differences are.

4. This is somewhat related to the previous three items, but is important enough to merit its
own item. THESE NOTES ARE NOT A SUBSTITUTE FOR ATTENDING CLASS!!
Using these notes as a substitute for class is liable to get you in trouble. As already noted
not everything in these notes is covered in class and often material or insights not in these
notes is covered in class.






Quadratic Equations - Part I1

The topic of solving quadratic equations has been broken into two sections for the benefit of those
viewing this on the web. As a single section the load time for the page would have been quite
long. This is the second section on solving quadratic equations.

In the previous section we looked at using factoring and the square root property to solve
quadratic equations. The problem is that both of these solution methods will not always work.
Not every quadratic is factorable and not every quadratic is in the form required for the square
root property.

It is now time to start looking into methods that will work for all quadratic equations. So, in this
section we will look at completing the square and the quadratic formula for solving the quadratic
equation,

ax’ +bx+c=0 a#0

Completing the Square

The first method we’ll look at in this section is completing the square. It is called this because it
uses a process called completing the square in the solution process. So, we should first define
just what completing the square is.

Let’s start with
x* +bx
and notice that the x” has a coefficient of one. That is required in order to do this. Now, to this

2
b
lets add (Ej . Doing this gives the following factorable quadratic equation.

2 2
x’ +bx+(é] :(x+éj
2 2

This process is called completing the square and if we do all the arithmetic correctly we can
guarantee that the quadratic will factor as a perfect square.

Let’s do a couple of examples for just completing the square before looking at how we use this to
solve quadratic equations.

Example 1 Complete the square on each of the following.
(a) x* —16x [Solution]
(b) ¥>+7y [Solution]

Solution
(a) x* —16x
Here’s the number that we’ll add to the equation.
2
(‘—mj =(-8)" =64
2
Notice that we kept the minus sign here even though it will always drop out after we square
things. The reason for this will be apparent in a second. Let’s now complete the square.




x*—16x+64=(x~-8)’

Now, this is a quadratic that hopefully you can factor fairly quickly. However notice that it will
always factor as x plus the blue number we computed above that is in the parenthesis (in our case
that is -8). This is the reason for leaving the minus sign. It makes sure that we don’t make any

mistakes in the factoring process.
[Return to Problems]

(b) y* +7y
Here’s the number we’ll need this time.

(ZT )
2 4

It’s a fraction and that will happen fairly often with these so don’t get excited about it. Also,
leave it as a fraction. Don’t convert to a decimal. Now complete the square.

49 7Y
2+ Ty +—=| y+—
Y ATyt = vty

This one is not so easy to factor. However, if you again recall that this will ALWAY'S factor as y

plus the blue number above we don’t have to worry about the factoring process.
[Return to Problems]

It’s now time to see how we use completing the square to solve a quadratic equation. The process
is best seen as we work an example so let’s do that.

Example 2 Use completing the square to solve each of the following quadratic equations.
(a) x>’ —6x+1=0 [Solution]
(b) 2x* +6x+7=0 [Solution]
(c) 3x*—2x-1=0 [Solution]

Solution

We will do the first problem in detail explicitly giving each step. In the remaining problems we
will just do the work without as much explanation.

(a) x> —6x+1=0
So, let’s get started.

Step 1 : Divide the equation by the coefficient of the x” term. Recall that completing the square

required a coefficient of one on this term and this will guarantee that we will get that. We don’t

need to do that for this equation however.

Step 2 : Set the equation up so that the x’s are on the left side and the constant is on the right side.
x*—6x=-1

Step 3 : Complete the square on the left side. However, this time we will need to add the number

to both sides of the equal sign instead of just the left side. This is because we have to remember

the rule that what we do to one side of an equation we need to do to the other side of the equation.

First, here is the number we add to both sides.




Now, complete the square.
x*—6x+9=-1+9

(x-3)" =8

Step 4 : Now, at this point notice that we can use the square root property on this equation. That
was the purpose of the first three steps. Doing this will give us the solution to the equation.

x—3:i\/§ = x=3i\/§

And that is the process. Let’s do the remaining parts now.
[Return to Problems]

(b) 2x* +6x+7=0

We will not explicitly put in the steps this time nor will we put in a lot of explanation for this
equation. This that being said, notice that we will have to do the first step this time. We don’t
have a coefficient of one on the x” term and so we will need to divide the equation by that first.

Here is the work for this equation.

x2+3x+1:0
2
xz+3x:—Z (ET:B
2 2 4
xz+3x+2:——+2
4 4
Sk
x+=| =—-=
2 4
x+§=i _3 = x:—iiﬁi
2 4 2 2

Don’t forget to convert square roots of negative numbers to complex numbers!
[Return to Problems]

(¢) 3x* —2x-1=0
Again, we won’t put a lot of explanation for this problem.

x* —%x—lzo
3 3

w2yl

3 3

At this point we should be careful about computing the number for completing the square since b
is now a fraction for the first time.




Now finish the problem.
, 2 1 1 1
X ——Xx+—=—+—
3 9 3 9
(5=
X—— | =—
3 9
x—l:i 4 = leirg
3 9 3 3

In this case notice that we can actually do the arithmetic here to get two integer and/or fractional
solutions. We should always do this when there are only integers and/or fractions in our solution.
Here are the two solutions.

x:l+%:2=1 and x=l——:——
3 3 3

[Return to Problems]

A quick comment about the last equation that we solved in the previous example is in order.
Since we received integer and factions as solutions, we could have just factored this equation
from the start rather than used completing the square. In cases like this we could use either
method and we will get the same result.

Now, the reality is that completing the square is a fairly long process and it’s easy to make
mistakes. So, we rarely actually use it to solve equations. That doesn’t mean that it isn’t
important to know the process however. We will be using it in several sections in later chapters
and is often used in other classes.

Quadratic Formula
This is the final method for solving quadratic equations and will always work. Not only that, but
if you can remember the formula it’s a fairly simple process as well.

We can derive the quadratic formula by completing the square on the general quadratic formula
in standard form. Let’s do that and we’ll take it kind of slow to make sure all the steps are clear.

First, we MUST have the quadratic equation in standard form as already noted. Next, we need to
divide both sides by a to get a coefficient of one on the x° term.

ax*+bx+c=0

b ¢
X +=x+—=0
a a

Next, move the constant to the right side of the equation.
c

, b
X H—x=——
a a




Now, we need to compute the number we’ll need to complete the square. Again, this is one-half
the coefficient of x, squared.

bY_b

2a 4a’

Now, add this to both sides, complete the square and get common denominators on the right side
to simplify things up a little.
, b b’ e
a 4a° 4a’ a

(eriT B b* —4ac
4q*

Now we can use the square root property on this.

b b* —4ac
Xt— =t [
2a 4q

Solve for x and we’ll also simplify the square root a little.

_i+ \Jb* —dac

xX= +
2a 2a

As a last step we will notice that we’ve got common denominators on the two terms and so we’ll

add them up. Doing this gives,
_—bt Vb —4ac
2a

X

So, summarizing up, provided that we start off in standard form,
ax’> +bx+c=0
and that’s very important, then the solution to any quadratic equation is,
‘o ~b+/b* —4ac
2a

Let’s work a couple of examples.

Example 3 Use the quadratic formula to solve each of the following equations.
(a) x> +2x=7 [Solution]
(b) 3q2 +11=5q [Solution]
(¢) 7t =6—19¢ [Solution]

(d) i = l +1 [Solution]

(€) 16x—x> =0 [Solution]
Solution
The important part here is to make sure that before we start using the quadratic formula that we
have the equation in standard form first.




(a) X’ +2x=7
So, the first thing that we need to do here is to put the equation in standard form.
¥ +2x-7=0

At this point we can identify the values for use in the quadratic formula. For this equation we
have.
a=1 b=2 c=-7

Notice the “-” with ¢. It is important to make sure that we carry any minus signs along with the
constants.

At this point there really isn’t anything more to do other than plug into the formula.
252 -4()(-7)
2(1)
24432

2

There are the two solutions for this equation. There is also some simplification that we can do.
We need to be careful however. One of the larger mistakes at this point is to “cancel” two 2’s in
the numerator and denominator. Remember that in order to cancel anything from the numerator
or denominator then it must be multiplied by the whole numerator or denominator. Since the 2 in
the numerator isn’t multiplied by the whole denominator it can’t be canceled.

In order to do any simplification here we will first need to reduce the square root. At that point
we can do some canceling.

u iR a2

x= = —-1+2\2
2 2 2

That’s a much nicer answer to deal with and so we will almost always do this kind of
simplification when it can be done.
[Return to Problems]

(b) 3¢> +11=5¢
Now, in this case don’t get excited about the fact that the variable isn’t an x. Everything works

the same regardless of the letter used for the variable. So, let’s first get the equation into standard
form.

3¢° +11-5¢ =0

Now, this isn’t quite in the typical standard form. However, we need to make a point here so that
we don’t make a very common mistake that many student make when first learning the quadratic
formula.

Many students will just get everything on one side as we’ve done here and then get the values of
a, b, and ¢ based upon position. In other words, often students will just let a be the first number
listed, b be the second number listed and then ¢ be the final number listed. This is not correct




however. For the quadratic formula « is the coefficient of the squared term, b is the coefficient of
the term with just the variable in it (not squared) and c is the constant term. So, to avoid making
this mistake we should always put the quadratic equation into the official standard form.

3¢ -5¢+11=0
Now we can identify the value of a, b, and c.
a=3 b=-5 c=11

Again, be careful with minus signs. They need to get carried along with the values.

Finally, plug into the quadratic formula to get the solution.

~(-5)£(=5)’ ~4(3)(11)

7 2(3)
_ 5++/25-132
6

5442107

6
544107
6

As with all the other methods we’ve looked at for solving quadratic equations, don’t forget to
convert square roots of negative numbers into complex numbers. Also, when b is negative be
very careful with the substitution. This is particularly true for the squared portion under the
radical. Remember that when you square a negative number it will become positive. One of the
more common mistakes here is to get in a hurry and forget to drop the minus sign after you
square b, so be careful.

[Return to Problems]

() 71° =619
We won’t put in quite the detail with this one that we’ve done for the first two. Here is the
standard form of this equation.
72 +19t—6=0
Here are the values for the quadratic formula as well as the quadratic formula itself.
a="7 b=19 c=-6




~19+/(19)’ = 4(7)(-6)
BT
~19+/361+168

14
~19++/529
14

19423
14

Now, recall that when we get solutions like this we need to go the extra step and actually
determine the integer and/or fractional solutions. In this case they are,

,_o19+23 2 _o19-23
14 7 14

-3

Now, as with completing the square, the fact that we got integer and/or fractional solutions means
that we could have factored this quadratic equation as well.
[Return to Problems]

3 1
d ——=—+1
y=2 'y
So, an equation with fractions in it. The first step then is to identify the LCD.

LCD:y ( y— 2)
So, it looks like we’ll need to make sure that neither y =0 or y =2 is in our answers so that we
don’t get division by zero.

Multiply both sides by the LCD and then put the result in standard form.
3 1
00-2{ 5] 141]0)6-2)

3y=y-2+y(y-2)
3y=y-2+)" -2y
0=y"—4y-2

Okays, it looks like we’ve got the following values for the quadratic formula.
a=1 b=-4 c=-2

Plugging into the quadratic formula gives,




424

2
_4+2J6

2
=246

Note that both of these are going to be solutions since neither of them are the values that we need
to avoid.
[Return to Problems]

(e) 16x—x* =0

We saw an equation similar to this in the previous section when we were looking at factoring
equations and it would definitely be easier to solve this by factoring. However, we are going to
use the quadratic formula anyway to make a couple of points.

First, let’s rearrange the order a little bit just to make it look more like the standard form.
2
-x"+16x=0

Here are the constants for use in the quadratic formula.
a=-1 b=16 c=0

There are two things to note about these values. First, we’ve got a negative a for the first time.
Not a big deal, but it is the first time we’ve seen one. Secondly, and more importantly, one of the
values is zero. This is fine. It will happen on occasion and in fact, having one of the values zero
will make the work much simpler.

Here is the quadratic formula for this equation.
—16+4/(16) = 4(~1)(0)
2(-1)

~16++/256

X =

-2
_—16x16
-2
Reducing these to integers/fractions gives,
-16+16 0 -16-16 -32
x=——=—=0 X = = =16
-2 2 -2 -2

So we get the two solutions, x =0 and x =16 . These are exactly the solutions we would have

gotten by factoring the equation.
[Return to Problems]




To this point in both this section and the previous section we have only looked at equations with
integer coefficients. However, this doesn’t have to be the case. We could have coefficient that
are fractions or decimals. So, let’s work a couple of examples so we can say that we’ve seen
something like that as well.

Example 4 Solve each of the following equations.
1, 1
a) —x +x——=0 [Solution
(a) 5 10 [Solution]

(b) 0.04x* —0.23x+0.09=0 [Solution]
Solution
(a) There are two ways to work this one. We can either leave the fractions in or multiply by the
LCD (10 in this case) and solve that equation. Either way will give the same answer. We will
only do the fractional case here since that is the point of this problem. You should try the other
way to verify that you get the same solution.

In this case here are the values for the quadratic formula as well as the quadratic formula work for
this equation.

1 b=1 c=—L
2 10

i) g

In these cases we usually go the extra step of eliminating the square root from the denominator so

let’s also do that,
_gaYes _ NO6) VB
* 5V 5 5

If you do clear the fractions out and run through the quadratic formula then you should get
exactly the same result. For the practice you really should try that.

[Return to Problems]

(b) In this case do not get excited about the decimals. The quadratic formula works in exactly the
same manner. Here are the values and the quadratic formula work for this problem.

a=0.04 b=-0.23 c=0.09

—(0.23)+4)(=0.23)" —4(0.04)(0.09)
2(0.04)

0.23£+/0.0529-0.0144
0.08

~0.23£+0.0385

0.08

X =




Now, to this will be the one difference between these problems and those with integer or
fractional coefficients. When we have decimal coefficients we usually go ahead and figure the
two individual numbers. So, let’s do that,

‘= 0.23£+0.0385 0.23£0.19621

0.08 0.08
0.23+0.19621 0.23-0.19621
X=—r———— and X=———o
0.08 0.08
=5.327625 and =0.422375

Notice that we did use some rounding on the square root.
[Return to Problems]

Over the course of the last two sections we’ve done quite a bit of solving. It is important that you
understand most, if not all, of what we did in these sections as you will be asked to do this kind of
work in some later sections.
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