Chapter 4: Quadratics

Exercise 4A Solutions

1 b
a 2(x—-4) =2x - 8
b —2x-4 = 2x + 8

c
C 3(2x — 4) = 6x — 12
d -3(4 - 2x) = 6x —12

d

2

e x(x-1) = x - X
f 2x(x—5):2x2—10x €
2
a (2x + 4x) + 1 =6x + 1

f
b (@x +x) -6 =3x -6
C (B3x - 2x) +1 =x+1

5
d (-x + 2x + 4x) — 3 = 5x — 3 a
3
a 8(2x — 3) — 2(x + 4) b
=16x — 24 — 2x — 8
=14x - 32
b 2x(x - 4) - 3x c
:2x2—8x—3x
= 2x° — 11x
C 4(2 — 3x) + 4(6 — %) d
=8 — 12x + 24 — 4x
=32 - 16x
d 4 - 35 - 2x)
=4 15 + 6x €
=6x — 11
4
a 2x(x - 4) - 3x f
:2x2—8x—3x
:2x2—11x

2x(x — 5) + x(x — 5)
2x2 - 10x + x2 — b5X

2
3x - 15x

2x(-10 - 3x)
=-20x — 6x2

3x(2 - 3x + 2x2)
= 6x — 9x2 + 6x3

3x — 2x(2 - x)
= 3x — 4x + 2x2

2
=2X - X

3(4x — 2) — 6x
= 12x — 6 — 6X
= 6Xx — 6

(3x — 7)(2x + 4)
= 6x2 + 12x — 14x - 28
= 6x — 2x — 28

(x — 10)(x — 12)
x° — 10X — 12x + 120
= x° — 2x + 120

(3x — 1)(12x + 4)
= 36x° + 12x — 12x — 4
= 36x — 4

(4x — 5)(2x - 3)
= 8x° - 12x —10x + 15
= 8x’ - 2x + 15

x - f3)(x - 2)
:x2—2x—\/?_>x+2\/§
=X~ @+ By + 283

(2x - J5yx + J5)
2w + 25 x - B x -5
=2+ JB5x_5



(x — 4)°

= x° — 4x — 4x + 16
:x2—8x+16

(2x - 3)°

= 4x" — 6x — 6X + 9
:4x2—12x+9

6 — 2x)°

36 - 12x — 12X + 4%

36 — 24x + 4x2

S ox ox 1
2 2 4
=x —x+ L
4
2
x - J5)

:xz_ng_ng+5

=x —2J5 x + 5

x - 243)°
=’ — 2d3 x - 283 x + 4@3)
:x2—43x+12

(2x — 3)(3X° + 2x — 4)
= X + 4X — 8Xx — 9x — 6x + 12
= 6x - 5X° — 14x + 12

2
(x — D(x + x + 1)

3 2 2
=X + X +X-XxXx —x-1

3
=x -1

(6 — 2x — 3x) (4 — 2x)
=24 —12x - 8x + 4x° — 12X° + 6X°
24— 20— 8X + 6X

(x = 3)(x + 3)
:x2—3x+3x—9

2
=x -9

(2x — 4)(2x + 4)
= 4x2 + 8x — 8x — 16
= 4 — 16

(9x — 11)(9x + 11)
= 81x° +99x — 99x + 121
= 81x’ - 121

(5x = 3)(x +2) —(2x - 3)(x + 3)
= (5x° + 10X — 3x — 6) — (2X" + 6X — 3x — 9)
(5x° + Tx - 6) — (2x° + 3x - 9)

=3 + 4x + 3

(2x + 3)(3x = 2) — (4x + 2)(4x - 2)

= (6x° — 4x + 9x — 6) — (16X° — 8 + 8 — 4)
(6x° + 5x — 6) — (16X — 4)

_10x° + 5x — 2

(x -y +x-y-2
= [(x-y) + 20x - y) - 7]

2 2
(x -y -z

2 2
X — 2Xy +y -z

2

(x —y)(a - b)
= ax — bx — ay + by

x2+2x+1

x + 1)°

i A
i A

i A= (x-1"+ 20— 1) + 1
i A= X
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Exercise 4B Solutions

1
a

b

2x + 4= 2(x + 2)
da — 8 = 4(a - 2)

6 — 3Xx

3(2 - x)
2x — 10 = 2(x — 5)
18x + 12 = 6(3x + 2)

24 — 16x = 8(3 — 2x)

4x2 — 2xy = 2x(2x —-y)
8ax + 32xy = 8x(a + 4y)
6ab — 12b = 6b(a - 2)
6xy + 14x2y = 2xy(3 + 7x)
2
X + 2x = x(x + 2)

2
5x — 15x = 5x(x — 3)
4x2 — 16x = —4x(x + 4)
7x + 49%° = Tx(L + 7X)

2

2x — x = x(2 - x)

2
6x — 9x = 3x(2x — 3)

2 2
X'y — 6y x =xy(7x — 6y)

2 2 2 2
8x y + 6y x = 2xy (4x + 3)
3 2
X + 5x + x + 5

xz(x+5)+(x+5)
(x + 5)(x° + 1)

2 2 2 2

Xy —x —y +1

S ORI W VAR
-1 -1

x - D(x + Dy - Dy + 1)

ax + ay + bx + by
= a(x +y) + b(x +y)
= (a + b)(x +y)
3—3a2+a—3
a’(a - 3) + (a- 3
(@ + 1)(a - 3)

n o

x3 — bx2 - azx + azb
x’(x — b) — a’ (x — b)
"~ a’)(x - b)

(x — a)(x + a)(x — bh)

XX — 36 = (X — 6)(X + 6)

4 — 8L = (2x — 9)(2x + 9)

2x° — 98 = 2(x° — 49)
= 2(x — 7)(x + 7)
3ax2 - 27a = 331(x2 - 9)
= 3a(x - 3)(x + 3)
(x — 2)° — 16

= (x -2 -4)x -2 + 4

= (x - 6)(x + 2)
2%~ (2 + x)°

= (6 -2+ X6+ (2 +x)
= (3 - x)(7 + x)

3x+ 1)°—12 = 3((x + 1)° - 4)

=3(x+1-2)(x+1+2)

=3(x-1)(x + 3)

(x—=2)" - (x + 3)°

= ((x=2) = (x+3))((x=2) + (x + 3))

=(X-2-x-3)(x-2+x+3)
=-5(2x + 1)
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Check signs: must be + and —
X~ Tx — 18 = (x — 9)(x + 2)

Check signs: must be —and —
y' — 19y + 48 = (y — 16)(y - 3)

Check signs: must be —and —

3x2—7x+2:(3x—a)(x—b)
a+3b=7;ab=2
b=2,a=1:

3 —Tx + 2 = (3 — 1)(x — 2)

Check signs: must be + and +

2
6x + 7x + 2 = (6x + a)(x + b)
a+6b=7,ab=2; nosolution.

Try:

6x2+7x+2=(3x+a)(2x+b)
2a+3b=7,ab=2
a=2,b=1

BX. + Tx + 2 = (3x + 2)(2x + 1)

a’ — 14a + 24

(a - 12)(a - 2)

a2+ 18a + 81

(a + 9)(a + 9)

=(a+ 9

5x° + 23x + 12 = (5x + a)(x + b)
a+5b=23;abh=12

~b=4,a=3

5’ + 23x + 12 = (5x + 3)(x + 4)

Check signs: must be + and —

3y° — 12y — 36 = 3(y° — 4y — 12)
3(y° - 4y - 12)
3(y + a)(y - b)

a-b=—4;ab=12
~a=2,b=6
3y’ — 12y — 36 = 3(y + 2)(y — 6)

2(x2 - 9x + 14)
2(x - 2)(x = 7)

2x° — 18x + 28

4(x> - 9x + 18)
4(x — 6)(x — 3)

ax’ — 36x + 72

3x° + 15x + 18 3(x2 + 5x + 6)

3(x + 3)(x + 2)

a(x2 + 7x + 12)
a(x + 3)(x + 4)

2
ax + 7ax + 12a

5’ — 16%° + 12x = x(5x — 16x + 12)
= x(5x — a)(x — b)

a+5b=16;ab=12

La=6b=2

5 — 16X + 12x = x(5x — 6)(x — 2)

48x — 24%° + 3% = 3x(16 — 8x + X))
= 3x(4 - x)2 or 3x(x — 4)2

(x - 1)° + 4(x — 1) + 3
Puty =x-1:

=y’ +4y+3
=(y+3)(y+1)
=(x-1+3)(x-1+1)

= X(x+2)
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Exercise 4C Solutions

1
a (x - 2)(x-3) =0, ..x=23

b x(2x — 4) =0, . 2x(x —2) =0
X =0, 2

C (x - 4)(2x — 6) =
L2 = H(x - 3)
X = 3,4

0
=0

d 3-x)(x-4) =0
Lx = 3,4

e (2x —6)(x + 4) =0
L2k = 3)(x + 4) =
X =3, -4

0

f 2xx-1) =0 .x=0,1

g (5 -2x)(6 —x) =0

.~.2(§7 j(67x) =0
.6

SoX =

N o

h xX*=16, ~x — 16 = 0
T (x - 4)x + 4) =0
X = 4, -4

x2 - 4x -3 =0
soX = —0.65, 4.65

b 2x° — 4x -3 =0
s X = —058, 258

c 2x" —4x + 3 =0
s X = =2.58, 0.58

QD

x’ —6x + 8 =0
C(x - 2)(x - 4) =0
X = 2,4

Check signs: must be + and —
x’ —8x — 33 =0

L (x—ax+b)=0
a-b=8;ab=33
a=11;b=3

(x = 11)(x + 3) =0

Lox =11, -3

x(x + 12) = 64

x° + 12x — 64 = 0

Check signs: must be + and —
L(x—akx+ b =0
b-a=12;ab=64;

b=16;a=4
(x — 4)(x + 16) = 0
SoXx = 4, -16

Check signs: must be + and —
x* + 5x — 14 = 0

(x —a)(x + b)) =0
b-a=5;ab=14,
b=7,a=2

x —2)(x +7) =0

X =2, -7

2% + 5x + 3 =0
L(2x + a)(x + b)) =0
a+2b=5;ab=3
a=3;b=2
2x + 3)(x + 1) =0

3

SX = -=, -1
2

4 —8x + 3 =0
SLo(2x —a)(2x — b)) =0
2a+2b=8;ab=3

a=3;b=1
(2x — 3)(2x — 1) =0
nx=31

2 2
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g

X =5x+24, © X —5x—24 =0

Check signs: must be + and —
L(x—akx+b) =0

a-b=5ab=24
a=8;b=3

(x =8k + 3 =0
Sox =8, -3

6 + 13X + 6 = 0
S (3x + a)(2x + b) =0
2a+3b=13;ab=6

a=2;b=3
(3x + 2)(2x + 3) = 0
=22
3 2
2x’ - x=6
L 2xP—=x-6=0
3
X=-—,2
2

6x° + 15 = 23x
56X — 23x + 15 =
s (6x — a)(x — b) =
a+6b=23;abh=15
b=3;a=5

(6x — 5)(x —3) =0

0
0

Check signs: must be + and —
2x° ~3x -9 =0
L(2x —a)(x + b)) =0
2b—-a=-3;ab=9
b=-3;a=-3
2x + 3)(x —3) =0

2

X = —=,3
3

10x° — 11x + 3 = 0
L (5x —a)2x —b) =0
2a+5b=11;ab=3

a=3;b=1
(bx = 3)(2x - 1) =0
ax =231

5 2

12x2 + X = 6
L+ x-6=0
Check signs: must be + and —
so(Bx —a)2x + b)) =0
6b —2a =1; ab = 6; no solution
SL(Bx —a@Bx +b) =0
4h—-3a=1;ab=6
a=-3;b=-2
(4x + 3)(3x —2) =0

3

LXx = -2, =
4 3

N

ax> + 1 = 4x
A —ax + 1 =0
s2x -1 =0, nx =

N |

x(x + 4) =5
WX+ 4x -5 =0
Check signs: must be + and —
L(x—ax+b)=0

b-a=4;ab=5
b=5a=1
(x = D(x +5) =0
x =1,-5
lxz = §X
7 7
2 2
X o= 3X, .x —3x =0
L x(x -3 =0, ~.x=0,3

x2 + 8x =-15
x> + 8x + 15 = 0
(x + 5)(x + 3) =0
SoX = =5, -3

5x° = 11x — 2

A BX — 1lx + 2 = 0
s (5x —a)(x -b) =0
a+5b=11;ab=2

a=1b=2
(bx - DH(x —2) =0
SoX o= l, 2

5
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M:W_I)(,ﬂxz
2 2

104 x — 8x° = 288
WXt~ 13x + 36
S(x - 4 -9 =
X 4,9

4 8

0
0

5 Cut vertically down middle:

X

LA 6x + x(7 — x) = 30
'.6x+7x—x2:30

Ax -~ 13x - 30 = 0
“(x - 3)(x -—10) =0
X = 3,10
However, 0 <x<7s0x=3

h = 70t — 16t = 76
- 16t — 70t + 76 = 0
L 8t’ — 35t + 38 =0

S (8t — 19)(t - 2) =0

2, % seconds

ot

D (n — 3) = 65

=n

2
2

~n - 3n - 130

S (n—a)y(n + b) =

b-a=-3;ab=130

0
0

b=10;a=13
(n — 10)(n + 13) = 0
~n = -10, 13

Since n > 0, the polygon has 13 sides.

16 + 003v + 0003V’ = 10.6

R =

. 3v’ + 1600 + 30v = 10600
3v° + 30v — 9000 = 0
v\ + 10v - 3000 = 0

o (v -—av+hb)=0

b—a=10; ab=3000

b =60, a= 50

(v — 50)(v + 60) =0

Vv = 50, — 60

v >0, ..v=50km/h

P = 2L + 2W = 16

AL=8-W

A=LW = W@B - W) = 12

L BW - WP = 12

AW o 8W + 12 =0

W (W = 2)(W - 6) =0

S~ W =26

Length = 6 cm, width =2 cm

b
h:b—lg.A:E{b—D

b
s —(-1)=15
2

~b?=b=30,.b>-b-30=0
~(b+5)(b-6)=0
~b=6,-5

b>0,.b=6cm

Therefore height (altitude) =5 cm
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11 e = ¢ + 30...(1)

1800 | 4o - 1800
e c
Substitute (1) into (2):

1800  , 45 - 1800
c + 30 ¢
+. 1800 ¢ + 10c(c + 30) = 1800 (c + 30)

. 1800 ¢ + 10¢” + 300c = 1800 ¢ + 54000
10¢° + 300 ¢

.(2)

= 54000
¢’ + 30c — 5400 = 0
(c —a)(c + b)=0
b—-a=30;
ab = 5400
b=90,a=60
(c — 60)(c + 90) =0
. ¢ = 3$60

Cheap seats are $60, expensive $90

12 Original cost per person = x

Original members = N where Nx = 2100
_ 2100
N
Later: (N — 7)(x + 10) = 2100
(N - 7)(% + 10) = 2100

(N — 7)(2100 + 10N) = 2100 N
- 2100 N — 14700 + 10N° — 70N = 2100 N
s —14700 + 10N° — 70N = 0

N - 7N - 1470 = 0

S (N—-—a(N +b) =0
a—b=7;ab=1470

a=42;b=35

~ (N — 42)(N + 35) = 0

Since N>7,N=42

So 42 members originally agreed to go
on the bus.
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Exercise 4D Solutions

1 d y=-2x*+5
a y=x -4 i turning point at (0,5)
i turning point at (0, —4) ii the axis of symmetry x =0
ii the axis of symmetry x =0 iii the x-axis intercepts
iii the x-axis intercepts (-2,0) and (2,0)
; (—\é ,0) and (\é ,0)

b y=x2+2

i turning point at (0,2) e y=(x - 2)2
ii the axis of symmetry x = 0 i turning point at (2,0)
iii No x-axis intercepts: y (min) = 2 ii the axis of symmetry x =2

iii the x-axis intercept (2,0)
(= turning pt)

|

C y= X+ 3
i turning point at (0,3)

ii the axis of symmetry x = 0 foy=(x+37°
iii the x-axis intercepts (—V3,0) and i turning point at (-3,0)
(\3,0) i the axis of symmetry x = -3

iii the x-axis intercept (-3,0)
( =turning pt)

A
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g y= —(x + 1) i oy=(x=-1%+ 2

i turning point at (-1,0) i turning point at (1,2)
ii the axis of symmetry x = -1 ii the axis of symmetry x = 1
iii the x-axis intercept (-1,0) iii no x-axis intercepts

(=turning pt) \

K y=(x+1° -1
h y= -Lx- 4’ i turning point at (-1,-1)
2 i the axis of symmetry x = —1

| turning point at (4,0) iii the x—axis intercepts (0,0) and (-2,0)

ii the axis of symmetry x = 4
iii the x-axis intercept (4,0)
(= turning pt)

A |y 9t
i turning point at (3,1)
ii the axis of symmetry x =3

; . . iii the x—axis intercepts:
i turning point at (2,-1)

_ 2
i the axis of symmetry x =2 y= k=3 +1
iii the x-axis intercepts (1,0) and (3,0) (x = 3)

X — 3
X
| (2,0) and (4,0)

i y=x-2°-1

1
W + — O

+ =
=
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my=(@x+2°" -4

n

i turning point at (-2,—4)
ii the axis of symmetry x = -2
iii the x—axis intercepts (0,0) and (-4,0)

y = 2x + 2)° — 18

i turning point at (—2,-18)

ii the axis of symmetry x = -2

iii the x—axis intercepts:

y=y=2(x+2)°-18=0

2(x+2)* =18
(x+2)=9
X+2=13

X=-2%3
(-5,0) and (1,0)

0 y=-3(x-4)°"+3

i turning point at (4,3)
ii the axis of symmetry x = 4

iii the x—axis intercepts:
y= 3(x - 4)° + 3
3(x — 4)°
(x — 4)°
X — 4
X

[T T TR
A H P w O
H+ -

(5,03'and 3,0)

Py f§<x+5)272

i turning point at (-5,-2)
ii the axis of symmetry x = -5
iii the x—axis intercepts:

y= —%(x+5)2—2:0
1 2
-=(x +5) =2
2( )

(x + 5)° = 4

No x—axis intercepts because no real

roots.

92



q y=23x+2" -1 roy=-4(x-2)"+8

!

i turning point at (—2,-12) i turning point at (2,8)
ii the axis of symmetry x =-2 ii the axis of symmetry x =2
iii the x—axis intercepts: iii the x—axis intercepts:
y= 3(x +2)° - 12 = 0 y= —4(x - 2" +8 =0
3(x + 2)° = 12 ax - 2)" = 8
x +2)° = 4 x - 27 =2
X + 2 = %2 X — 2 = t\E
X = -2%2 X = 2+
(0.0)and (-4.0) (2 2 0)and(2 + 2 0)

104

y
104
s+ A




Exercise 4E Solutions
1
a x-1"=x —2x+ 1

b (x+2)°=x +4x + 4
c (x—3)2:x2—6x+9
d (-x+3°=x —6x +9

1) (x + 2)°

2
X + 4x + 4

e (-x-2)°

f (x-57=x —10x + 25

x2—4x+4:(x—2)2
b x* - 12x + 36 = (x — 6)°

2 2
C —-x +4x -4 = —(x - 4x + 4)
- x -2

d 2x° —8x + 8 = 20 — 4x + 4)
= 2(x - 2)°

e —2x’ + 12x — 18
= 2(x° — 6x + 9)

_2x-1=0
-2x +1-2=0
x-1"-2=0

x - 1)° =2
Xx -1 =%
x =1

_4x-2=0
- 4x + 4 -6 =0
x-2"-6=0

x - 20" =6
X — 2 = %
X = 2

I+N
)

7
+J7
é:o
4
E:O

x - 2=+l
2 2
ssdw
2
_4x + 1 =0
—2x+lj:0
2
_ax+1-L=0p
2
2 _ 1
X —-1) = =
( ) >
x—l:irL
L
ek
2
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g

X_E:iz

6 6
x=§tz=2,

6 6

x2 + 2x + k=0
X 42x+1-(1-k)=0
(x+1)°*-(@1-k)=0

X+1=++1-k

x2—3kx+1:0

w |~

.-.xz_skx+§k2_(
4

2

x—%zi gkz—l
2 4
. 3k + Jok’ — 4
2

x2—2x+3
= _2x+ 1+ 2

2
= (x-1) + 2
TP at (1,2)

x2+4x+l

:x2+4x+4—3

= (x +2)° -3
TP at (-2,-3)
x —3x + 1
= X —3X+g—§
4 4
2
(X,QJ _3
2 4
TPat (3, -2)
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d

X~ 8x + 12
:x2—8x+16—4

= (x -4 -4
TP at (4,-4)

I
>
[
x
+
ENGTSN
[
INJT%)

I
VR
x
|
(CFTEN
Ne—
N
I
njo©

2% + 4x — 2
:2(x2+2x—1)
=2 + 2x + 1 - 2)

=2x + 1)° — 4
TP at (-1,-4)

2
-X + 4x + 1

= —(x2—4x—1)

= —(x2—4x+4—5)
= —(x-2°+5

TP at (2,5)

—2x*-12x-12
= 20 + 6X + 6)
= 2(x + 6x + 9 — 3)

= 2(x +3)° +6
TP at (-3,6)

Ay

3% — 6x + 12

= 3(x2 — 2x + 4)
=30 —2x + 1 + 3)
=3x - 1)° + 9

TP at (1,9)

96



97



Exercise 4F Solutions

a x-axis intercepts 4 and 10;
x-coordinate of vertex = %(4 +10) =7

b x-axis intercepts 6 and 8;
x-coordinate of vertex = %(6 +8)=7

C x-axis intercepts —6 and 8;
x-coordinate of vertex = %(—6 +8)=1

a x-axis intercepts a and 6;
x-coordinate of vertex = %(a +6)=2

at+6 =4 a=-=2

b x-axis intercepts a and —4;
x-coordinate of vertex = %(a —-4)=2

a—-—4 =4, a =28

Cc x-axis intercepts a and 0;
x-coordinate of vertex = %(a +0)=-=2

y =x -1

X-intercepts: y = XX~ 1=0
LS x=-Dxx + 1) =0

Lx =1 -1

x-int: (=1,0) and (1,0)

TP: No x term so (0,-1)

b

y = x2 + 6X

. 2
x-intercepts: y = x~ + 6x = 0
LX(x +6) =0

X =0, -6
x-int: (-6,0) and (0,0)
TP: y = x2 + 6X

X+ 6X +9_0

=(x +3° -9
TP at (-3, -9)
2
y =25 — x

X-intercepts: y = 25 — x = 0
LB =-x0B +x)=0

s x =5 -5

TP: No x term so (0,25)
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d

e

f

2
y =x — 4

X-intercepts: y = X~ 4 =0
Lx=-2)(x +2)=0

X =2,-2

x-int: (-2,0) and (2,0)

TP: No x term so (0,—4)

y = 2x2 + 3X
X-intercepts: y = 2x° + 3x = 0
~x(2x +3) =0

. 3
x-int: ( ~5,0) and (0,0)
TPy = 2" + 3x

2 16 16
2
= 2[x + gj _2
4 8
TP .
at(~4, " g)
y = 2x2 — 4x
X-intercepts: y = 2x° — 4x = 0
L2X(x —2) =0

x-int: (2,0) and (0,0)
TP: Yy = 2x’ — 4x

20 —2x + 1 — 1)
=2x - 1)° — 2
TP at (1,-2)

g

h

y = -2x"—3x

x-intercepts: y = 2x° — 3x = 0
. —x(2x + 3) =0

3
x-int: ( 3, 0) and (0,0)
TP ¥ = —2x" - 3x

y = x2 + 1
No x-intercepts since y > 0 for all x
TP: No x term so (0,1)
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4 Cy:x2+2x—3

R 2
a y=x +3x- 102 x-intercepts: ¥ = X + 2x — 3
x-intercepts: ¥ = x + 3x — 10 =0 (X -1x+3) =0
L(x+5Kx-2)=0 x-int: (1, 0) and (-3,0)

X'Int (_5, 2) and (2,0) TP y = X2 + 2x — 3
TP:y:x2+3x—;09 y:x2+2x+1—4
y:X+3X+Z—Z—1O y:(X+l)2*4
2 TPat(-1,-4
y _ [X + gj 3 ﬂ ( )

2 4

d y=x +4x + 3

2
x-intercepts: ¥ = X + 4x + 3 =0
L+ Dx+3) =0
x-int: (-1, 0) and (-3,0)

TP:Y=X2+4X+3

b y:x2—5x+4

2
x-intercepts: ¥ = X — 5x + 4 =0 i
y =x +4x + 4 -1

S =-1Dx -4 =0 )
x-int: (1, 0) and (4,0) y=Kx+2 -1
TPy = x° — 5x + 4 TPat(-2-1) ,
y:x2—5x+§—é+4 /
4 4
S (x_8) _¢°
an [X 2] 4
TPat(5, ~7)
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e y=o2 —x-1 g y= -x —5x -6
X-intercepts: ¥ = 2 —x-1=0 x-intercepts: Y = f(XZ +5x +6) =0
L (2x + I)(x—1) =0 -+ 3Nx + 2) =0
. 1 -int: (- _
x-int: ( ~5,0) and (1,0) x-int: (=3, 0) and (-2,0)

2 TP:y= —( + 5x + 6)
TPy = 2x" — x - 1

- 2 25 25
y:2(x2_1_lj y——[x +5X+T+6_Tj
° e 5\, 1
y=2[x275+i,ij y‘*(x*'zj*'z
2 16 16
y:Z(x_i)z_g Tpat(_EaZ)
4 8
1.9
TPat(;, ~3)
h y=x"_5x_ 2
2
x-intercepts: ¥ = X — 5x — 24 =0
2 L(x+ 3K -8) =0
Foy=6-x-x x-int: (-3, 0) and (8,0)
2
x-intercepts: ¥ = —(x + x —6) =0 TPy = W2 _ By _ 24

L-(x+3)(x-2)=0 %

2
. 2 s
x-int: (=3, 0) and (2,0) y = X X +

y=7£x2+x+17671] 5 1212 4
4 4 TPat(; — =, )
y = —(X+lj2+§
2 4
1
TPat(_E’T)
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Exercise 4G Solutions

1 b x*—7x -3 =0
a a=2, b=4andc=— \/27
b” - 4ac = 4 —4(3)2:40 .-.><=7’-'7;4('3)1
\) — 4dac \/5 YiJ(G_l
SO X =
2
b a=1,b=10andc =18
2—4ac=10—4(18)1=8 c 2 _5x+2=0
\/ — 4ac :2\/; ,-,x:5’—' /5244(2)2
c a=1, b=10andc=—18
2 _“X:M
~ 4ac = 10° —4( 18)1 = 172 4
Jb? — aac = 2443 .'.x:5i3:l,2
4 2

d a=-1, b=6andc-15
b’ — 4ac = 6 - 4(15)( 1) =

2
/ dac = Joo = 48 .._X_4¢J4;4(77)2

d 2 +4x -7 =0

e a=1b=9andc=— ,-,x:%
2
— 4ac = —4(27)1:189
\/7 ax=-1+8p%
— 4ac =3 4
x:—ligxlg
2 2
2 + 25 _
a 2 _1+‘/g e 2 +8x =1
2
b 9-35k _3 s a2 48— 1=0
2 2
.. 8+N8° —4(1)2
5 +5/5 _ 1+ 5 X= 2
¢ 10 - 2 2
6+12\/E .‘.X272172
d T:1+2J§ 4
x:—21§~/5
2
2 = 2
a x + 6x =4 f 5x — 10x = 1
2
X+ 6x-4=0 B —10x -1 =0
2
Ly = 6 ENE - 441 o2zt - acns
J_z .o 10
6 + J52
X = =0 oox o= 12 Y120
ZJ_ 10
X = =3 +£J13
x:lt‘/?3

(]
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g 22X +4x—-1=0 | 201 — KX — 4kx + k = 0

sl 4(-1)(2) ks J1sk 8k (1 — K)

X = Lx o=
4 4(1 - k)
x:1ij4_i L - akx V24K’ - 8k
5 a1 - K
_ .
x = 1x5 - 2k ek’ - 2k
' 2(1 - K)

h 2x° + x = 3 )
R 9.42 r° + 6(628)r = 1256

o
wn
I

s £ 942 1" + 37681 — 1256 = 0
21t - a2

X = 2 L 3768 Jares * + 4 (1256 ) 0.42
B 2(9.42)
N
4 Lp = o d6I524
o 15 . _ 3 18.84
X Ty "X_l’fﬁ Sincer >0,
_ ) r= 2+ Y24 - 56
i 25x° 4+ 3x + 03 =0 18.84
2
L.t Ja 754 (0.3) 25 5
J_ y =x + 5x -1
Lx = 2 EY6 x-axis intercepts:
5
~5++/29
X= —m™m™
j —06x — 13x = 01 2
5
w -6x —13x -1 =0 x= -2
26X + 183x + 1 =0 yoB B ™
13 +J13° — 4(1)6 ‘2 4
cxos e 40 TP at (-2.5, 7.25)
Lo 13 s

12

K 2kx’ —4x + k = 0

_axdd’ - a0k

. X =
m
2
wx = 1316 — 8k
4K
Lo 24 - ok
' 2k
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by:2x2—3x—1 dy+4:x2+2x

x-axis intercepts: Ly =X+ 2x - 4

_ 3+ Jir x-axis intercepts:
4 _ 20
x = 3 2
: ax=-1x05
y = 2 — g -1 = 7£ X = —1°
8 4 8 ’

=1-2-4=-5

TP at (0.75, -2.125) TP at (L, -5)

c y:—x2—3x+1

2
.. e =4x + bx + 1
x-axis intercepts: y

— X-axis intercepts:
+
X:% 'X:_SiJ25_16
- I E—
.‘X:—3¢J13 .y - 5*3
2 SoX = P
3. 1
X = —-= = £
5 X = -1, 2
9 .9 13
= — =+ =+ 1 = = = S.
y 4 2 4 X = *g,
TP at (-1.5, 3.25) _ 100 25,4 - 9
A YT e 8 16

TP at (-0.625, -0.5625)
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f

y = —3x° +4x -2
X-axis intercepts:

Dy o= 4+ J16 - 24
' -6
This is not defined, so no x-intercepts.
3
4 8 2
= = 4 = _ 2 = _=
y 3 3 3

TPat (2, -2
G -3
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Exercise 4H Solutions

1
a

X + 5x — 10 = 0

10

N +

gives the sequence:
5 3 20

1,2, 2, = .. converging to 1.5311
3213

using Xn+1 = 5 beginning at xo =1
X

x2—3x—5:0

using Xn+1 = 5 3 beginning at xo =2

n

gives the sequence:
2,-1,-%2 &% ...converging to —1.1926
4" 17

2
X +2x — 7 =0

Using Xn+1 = ! beginning at xg = 2
X, *+ 2
gives the sequence:
2, L 28 105 converging to 1.8284
415" 58

—x2—2x+5:0

using Xn+1 = beginning at X, =1

X, + 2
gives the sequence:
5 15 55

1,2, = 2 converging to 1.4495
3 11 37
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Exercise 41 Solutions

1
2
a x + 2x — 4;
A=2"_ 4(4) =20
b + 2x + 4;

2
X

2
A=2"—44) =12

C x2+3x—4;

A=3 - 44) =2
d 2x2+3x—4;
A =3 _ 8(4) =4

e 2x° + 3x + 4,
A =3 - a2)@) = 4

x2 - 5x + 2;
A=5 _4(2) =17
A > 0 so graph crosses the x-axis

b —4x’ + 2x — 1
A= 20 - 4(a)(1) = -12
A <0 so graph does not cross the x-axis

C x2 — 6X + 9;
A =6 — 49) = 10
A = 0 so graph touches the x-axis

d 2x" - 3x + 8
A=3"_42)8 =713
A > 0 so graph crosses the x-axis

e 3x2 + 2x + b5;
A =20~ 4(5)(3) = 56
A <0 so graph does not cross the x-axis

fooox - x - 1;
A= 1%~ 4(-1)(-1) = -3
A < 0 so graph does not cross the X axis

x2 + 8x + 7;
A =8 _ 47) = 36
A > 0 so the equation has 2 real roots

QD

b 3x’ + 8x + 7:
A =8 — 4(7)(3) = —20
A <0 so the equation has 2 real roots

C le2 - X - 3;
A= 17 - 4(=3)(10) = 121
A > 0 so the equation has 2 real roots

d 2" + 8x - 7;
A =8 4(7)2 = 120
A > 0 so the equation has 2 real roots

e 3x2 - 8x — 7;
A =8 - 4(-7)3 = 148
A > 0 so the equation has 2 real roots

f 10x - x + 3
A = 17— 4(10)(3) = -119
A <0 so the equation has 2 real roots

9x” — 24x + 16;
A = 24° — 4(9)(16) = 0
A =0 so the equation has 1 rational root

b —x’ - 5x — 6

A = 5~ 4(=6)(-1) = 49

A > 0 so the equation has 2 rational
roots, and is a perfect square

C x2 - X — 4;

A= 1" - 4(-4) = 17

A>0 so the equation has 2 irrational
roots, and is not a perfect square

d 25x° — 20x + 4:

A = 20° — 4(25)(4) = 0O
A =0 so the equation has 1 rational root

107



e 6x2 - 3x - 2;

A = 3° — 4(6)(-2) = 57

A>0 so the equation has 2 irrational
roots and is not a perfect square

fox o+ 3x + 2;

A=3"_402) =1

A > 0 so the equation has 2 rational
roots and is a perfect square

5

4x2+(m—4)x—m=0

A = (m - 4)° - 4@)(-m)
=m’_8m + 16 + 16m
= m2+ 8m + 16
= (m + 4)°

L A>0forallmeR

So the equation always has rational
solutions.
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Exercise 4] Solutions

1
a

X’ + 2x — 8 =0
Lx+t 2)(x—4) =0
X = =2,4

Upright quadratic:
{ix<-23U{x:x>4}

x° —5x — 24 =0
L(x+3)(x-8) =0
X =-3,8

Upright quadratic:

{x: -3<x<8}

x° —4x — 12 = 0
L(x+2)(x—6) =0
SLoX=-2,6

Upright quadratic:
{x:-2<x<e6}

2% -3 -9 =0
L(2x + 3)(x - 3) =0

SoX o= —§,3

Upright quadratic:
{xix<-2} U {x:x>4}

6x° + 13X < — 6
L BX + 13X + 6 < 0

6 + 13X + 6 = 0
So(Bx + 2)(2x + 3)

ax= 2,3
3" 2
Upright quadratic:

3 2
{x:*5<x<*3}

—xz -5% -6 =0
L= (x + 2)(x + 3)
X =-2,-3
Inverted quadratic:
{x:-3<x< -2}

12x° + x > 6
12X +Xx—-6 >0
12x2+x—6:0

So(Ax + 3)(3x —2) =0

_4 3
3'2
Upright quadratic:

{x:x<*g} U {x:x>%}

10x° — 11x < -3
- 10X — 11x + 3
10x° — 11x + 3 =

<0
0

L(Bx —3)2x - 1) =0

13
2'5
Upright quadratic:

X =

1 3
{x3< ng}

x(x —1) £ 20
x2 - X -2
2

X —X—-—20 =
“(x=B)(x+ 4 =0
SoX=-4,5

Upright quadratic:
{x:4<x< 5}

<0
0

4 + 5p — p2 =0
p_—54_r\/41

-2
Inverted quadratic:

sl sedu

3+2y —y =0
(1 +y)3-y)=0
L y=-13

Inverted quadratic:
{y:y<-1} U {y:y>3}
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x2 + 3x =2 -2

AX +3x+220

x2 + 3x +2 =0
L(x+2)x+ 1D =0
Lx==2;-1

Upright quadratic:

{xix< 23 U {xix> -1}

x2—4mx+2O:O
A= 16m° — 8 = 16 (m° — 5)

i If (m° — 5)<0, no real solutions:
{m: V5 <m <5}

i If (m2 — 5)=0, one real solution:
{m: m=+V5}

i If (m® — 5)> 0, 2 distinct solutions:
{m:m< -5} U {m: m>+5}

mx2 —3mx + 3 =0

A =9m’ — 12m = 3m (3m - 4)
i If A<O,no real solutions:

A =Oatm=0,%

Upright parabola, so {m: 0 <m < %}
ii If A=0,one real solution;
m =0, % satisfies this, but there is no

solution to the equation if m =0,
so{m: m= %}

iii If (3m” — 4)> 0, 2 distinct solutions:
{m:m<0} U {m:m>§}

5x° — 5mx - m = 0
A = 25m° + 20m = 5m (5m + 4)
i If 5m (5m + 4)<0, no real solutions

A =0atm = 0,—i

5
Quadratic in mis upright: {m: — % <m<0}
ii If sm (5m + 4)=0, one real solution:
{m:m=0, - %}
iiiIf sm (5m + 4)> 0, 2 distinct solutions:
{m:m< _g} U {m: m> 0}

X + 4mx — 4(m - 2) = 0
A = 16m° + 16(m — 2)
= 16 (m2 + m — 2)
i If m*> + m — 2 <0, no real solutions:

m2+m—2=(m+2)(m—1)
Quadratic in m is upright, so
{m:-2<m<1}

i If m> + m — 2 =0, one real solution:
{m:m=-2,1}

iiiIf m*>+m—2 >0, 2distinct solutions:
{m:m<-2} U {m:m>1}

px2+2(p+2)x+p+7:0
A=ap+2)° —app + 7)

= 4p° + 16p + 16 — 4p° — 28p
= 16 — 12p = 4(4 — 3p)
This equation has no real solution if

A<O,i.e.ifp>%

(1 - 2p)x" + 8px — (2 + 8p) = 0
A = 64p° + 4(1 — 2p)(2 + 8p)
= 64p° — 8(2p — 1)(4p + 1)

= 64p° — 8(8p° — 2p — 1)
= 8(2p + 1)
This equation has one real solution if A = 0;

2p+1=00rp=—%

y:px2+8x+p—6
A = 64 — 4p(p — 6)
= 4(-p" + 6p + 16)
If the graph crosses the x-axis, A > 0:

_ —6 £ J100
A=0when P = ————

“p=3+t5= 2,8
Inverted quadratic, so A > 0 when:

{p: 2<p<8}
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6

2 2 2
(p + 1)x + 2pgx + q =0
2 2 2,2
A=4pqg —49((p + 1)
2, 2 2
=49 —-p - 1)
= 74q2
This is negative for all values of p, and

for all non—zero q, so there are no real
solutions.

7

mx2+(2m+n)x+2n=0
A = (2m + n)2—8mn
= 4m2+4mn + n2—8mn
:4m2—4mn+n2
:(Zm—n)z

This is a perfect square for all rational m
and n, so the solution is rational also.
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Exercise 4K Solutions

e y = —xz—x+6andy:—2x—2

2
a y=x +2x-8andy=2-x meetwhere —x* — x + 6 = 2x — 2

meet where x° + 2x — 8 = 2 — x

) X +x+8=0
X +3x—-10 =0

2
X —x—-8=0

(X + 5 - 2) = . _11'—1—48
SLX = =5,2 ..x-4(_LZ
Whenx=-5,y=2—-(-5)=7
Whenx=2,y=2-2=0 X o= 1+2‘/?E
Curves meet at (-5,7) and (2,0).

Whenx=l J_ :—3+\/£

b y:xz—x—Sandy:4x—7
_1 Js? _

meetwhere x° — x — 3 = 4x — 7 When X = —737@
.'.x2—5x+4:O 1—J3_
Sx=4kx-1) =0 Curvesmeetat( 2 3 J_)
Lx = 4,1 J_
Whenx=1,y=4-7=-3 and (=5 J_)

Whenx=4,y=16-7=9
Curves meet at (1,-3) and (4,9).

f y:x2+x+6andy:6x+8

2
C y=x +x-5andy= -x-2 meetwhere x° + x + 6 = 6x + 8
meetwhere x° + x - 5 = —x - 2 S _Bx 2 =0
2
X +2x -3 =0 .X:5i./25_4(_2)
“(x +3)(x-1) =0 B 2
Lx=-31 'XZSiJE
Whenx=-3,y=3-2=1 2
Whenx=1,y=-1-2=-3 - 5 _ 33
Curves meet at (—-3,1) and (1,-3). When = 2 Ly = 28— 333
2 s dm
d y=x"+6x+6andy = 2x + 3 When 2 ,y:23+~/3_3_
meet where x° + 6x + 6 = 2x + 3 5 - I
X+ 4x +3 =0 Curves meetat (2 ,23—3@)
DX+ 3)(x + 1) =0 5 + 33
x = 3.1 and (2,2 + 3J%),

Whenx-—3 y=-6 +3=-3
Whenx=-1,y=-2+3=1
Curves meet at (-3,-3) and (-1,1).
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If the straight line meets the parabola
only once, then the y; =y, quadratic will
produce a perfect square.

x2—6x+8272x+4
X —4x + 4 =0

nx-2°=0 sx=2
Touches at (2,0).

x2—2x+6:4x—3
WX —6X+9=0
n(x-3"=0 ~x=3
Touches at (3,9).

2x° + 11x + 10 = 3x + 2
2 +8x+8=0

L2x+2° =0 nx =2
Touches at (-2,—4).

X+ TX + 4= —x - 12
X +8x+ 16 =0
X

L+ =0,
Touches at (—4,-8).

= 4

y:x2—6x;y:8+x
2

X — 6x =8 + X
x2—7x—9:0
(x - 8)(x + 1) =0
Xx =8, -1
Xx =8y =28 8 = 16
x =1;y =8 1 =7

y:3x2+9x;y:32—x
3x° + 9x = 32 - x

3x° + 10X — 32 = 0
(3x + 16)(x — 2) =0

X = —=,2
3
x = 8.y =3 4 16112
3 3 3
X =2,y =32 -2=23

<
1

y = 5x + Ox] y = 12 — 2x
5x2+9x:12—2x

5x. + 1lx — 12 = 0
(5x — 4)(x + 3) =0
X:EY,S
5
x:i;y—lZ,Q:Q
5 5 5
X = -3;y =12 — (-6) = 18

3x7 + @x: y = 32 — 3x
“3x’ + 32x = 32 — 3x
3x° + 3/x - 32 = 0

3x° — 35x + 32 = 0
(x = 1)(3x — 32) =0

><:1,2

3

x =1y =3 -3=2
x:%;y:32—32:o

y:2x2—12;y:3(x—4)
2

2x — 12 = 3x - 12

2x° — 3x = 0
x(2x — 3) =0
0

X =

Njw O

y = 11x2;y = 21 — 6x

11X+ 6x — 21 = 0

C eeds’  a(ay(a1)

22
_ 3z _ 3415
11 11
X:7374JE.
11 ’
= S ali) - 2 +1124JE

113



_73+4\/E.

11

249 — 24 \/E
11

<
1

21+%(3—4JE)=

Using a calculator: x =1.14,y = 14.19;
=-1.68,y=31.09

If y = x + c is a tangent to the parabola
y = X2— X — 12,then

2
X — X =12 = X + ¢ must reduce to

a quadratic with zero discriminant.
2

X —x—12 = x + ¢

X - 2X— (12 +¢) =0

A =4+ 4(12 + ©)
=4c+52=0,..c=-13

b iy:—2x2—6x+2

10+

ii If y = mx + 6 isatangent to the
parabola,

—2x2—6x+2:mx+6
W2 (6 +m)X — 4 =0
L2+ (B mX +4=0
For a tangent, A = 0:

LA = (6 +m) - 44)(2) =0
26+ m =3
.'.6+m=i\/33 =i4\/5

.m = —614\/5

= x° + 3x has as a tangent

y
y = 2x + ¢
A

—0forx° + 3x = 2x + ¢

2
X +x-¢=0
.'.A:1+4C:O,.'.c:—i
4

b For two intersections, A>0soc> - %

6 y = x isatangent to the parabola
y = x2 + ax + 1
2 x2 + ax + 1 = x
X+ (@a-1x+1=0
A=@-1°"-4=0
La-—-1=4+22

a=1+2 = -1,3
7 = —x isatangent to the parabola

y
2

y =x +Xx+0Db

X+ x4+ b= —x

X +2x+b=0

A=4—-4 =0

b =1

8 A straight line passing through the point
(1, —2) has the form y — (=2) = m(x -1)
Yy =m(x — 1) — 2
If this line is a tangent to Y = X then
x2 =m(x -1 -2
'.xz—m(x—1)+2:O

2
X —mx +m+ 2 =0

A =0 for a tangent here:
A = m2 — 4(m + 2)
=m’ — 4m — 8

m’ — 4m — 8 = 0

2
2+d12 = 22283

.m =
my=(2+2B)(x - 1) - 2

y =201+ B — 4288 4
y=201-PByx-4+28
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Exercise 4L Solutions

1

y = ax passes through (2,8).
~8=a(’ na=2

y = ax’ + ¢ passes through (0,8) and (~1,4).

a(O)2 +¢c=28, ..¢c=38
a(—1)2+8:4, soa= -4

y = ax_ + bx passes through (6,0) and (-1,4).

- a6)’ +6b =0

s.3%a + 6b =0, ..b=-6a
a(-1)° - a(-1) = 4

s 7a =

y = a(x — b)2 + c

The vertex is at (1,6)so y = a(x—1)> +6
y = a(x—1)" + 6 passes through (2,4)
a2 -1)"+6=4
sa=-2;b=1c=286

y = a(x - b)2 + cC

The vertex is at (0,5) S0 y = (x—0)* +5
y = ax’ +5

y = ax’ + 5 passes through (0,4)
a4’ +5=0

c

d

2
y = a(x —b) +c
The vertex is at (0,0) so y = ax’
y = ax_ passes through (-3,9)

~a(3)’ =9
La=1
2
y = x
2
y = ax + bx + ¢
This is of the form y = ax(x + 7)
For (4,4)
4=a(4)(4+7)
4 =44a
Therefore a = .+
2
: 7
Andtheruleis y = LI
11 11

y = a(x + b)(x + ¢)

From x-intercepts, a and b are -1 and —3:
y = a(x — 1)(x — 3)

From y-intercept,

a(-1)(-3) =3, ~.a=1

Ly = (x = Dx - 3)

y = a(x — b)2 + cC

The vertex is at (-1, 5) so
y=a(x+1)°*+5

y = a(x + 1) + 5 passes through (1, 0)
~a2)’ +5=0

Joa = -

NI

5 2
= —-=(x+ 1) + 5
y 4( )

5.2 5 15
= —SX —=Xx + =
OR Y 7 > 4

Check with 3rd pt: y=0atx=-3

2
y = a(x - b) +c
The vertex is at (2, 2) so

y=a(x+2)"+2

y = a(x — 2)° + 2 passes through (0,6)
na(2) +2=6

na=1

y = (x — 2)2 + 2
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OR VY = X’ — 4x + 6
Check with 3rd pt: y=6atx=4

2
y = a(x —b) +¢c
The vertex is at (-1, 3) so

y=a(x+1)°*+3
y = a(x + 1)° + 3 passes through (3,8)
sa@d)’ + 3 =8

5

.. 16a = 5, -.a = —
16

5 2
= =—=(x+1) +3
y 16( )

7

y = a(x + b)(x + ¢)

From x intercepts, a and b are 6 and —-3:
y = a(x — 6)(x + 3)

Using (1, 10):

a(l - 6)(1 + 3) =10

. —20a =10, .a= -+
2

. _ 1

Ly = —5(x—6)(x+3)

OR VY = —%(xz—Bx—ls)

y = a(x - b’ + ¢

The vertex is at (-1, 3) so
y:a(x+1)2+3

y = a(x + 1)° + 3 passes through (0,4)
La+3 =4 ~a-=1
y=(x+1)° +3

OR y = x2 + 2x + 4

The suspension cable forms a parabola:
y = a(x - b)2 + cC

The vertex is at (90, 30) so

y = a(x—90)° +30

When x =0,y =75, so:

y = a(— 9)° + 30 = 75

- 8l00a = 45, - a = ——
180
1 2
= = (x — 90) + 30
y 180( )
.'.y:sz—x+75
180
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10
a

y:

Squared term is negative, so inverted
parabola; must be A or C.

%(x + 4) (8 - x)

The x-intercepts must be at 8 and —4, so C.

by:xz—x+2

11

12

13

Positive squared term gives an upright
parabola; must be B or D.

The y-intercept is at (0,2) so only B is
possible

y=-10+2(x-1)

Positive squared term gives an upright
parabola; must be B or D.

Vertex is at (1,-10) so D.

1 2
= =(9 —
y =3 ( X)
Squared term is negative so inverted
parabola; must be A or C.

Vertex at (0,%) SO A..

y = 2(x — b)2 + C
(1, =2) = TP (vertex) = (b,C)

Ly =2x -1 -2
ORy=2x2—4x

y=a(x—b)2+c

(1, =2) = TP (vertex) = (b,C)

Ly =ax - 1)° -2
Using the point (3,2),

aB -1 -2=2
Snd4a -2 =2, .a=1
sy = (x—1)2—2
ORvy=x"_2x -1

y = a(x — b’ + ¢
(2,2) = TP (vertex) = (b,c)

Sy = a(x—2)2 + 2
Using the point (4,-6),

a4 — 2" +2 =6
nda+2=-6.,a=-2
Sy = 2(x — 2)2 + 2

OR y = 2x° +8x - 6

14

15

(a) has x-intercepts at 0 and 10, so
y = a(x — b)(x - ¢)
b=0,c¢c=10

sy = ax(x — 10)

a > 0 because upright parabola

(b) has x-intercepts at —4 and 10, so
y = a(x — b)(x — ¢
b=-4,¢c=10

Ly = a(x + 4)(x — 10)

a<0 because upright parabola

(c) has no x intercepts, so
2

y = a(x - b) +¢c

Vertex isat (6,6) sob=c=6
y = a(x — 6)2 + 6
y-intercept is at (0,8):
a0 —6)° +6 =28

;. 36a = 2, .a = —

1 2
= =—(x-6) +6
y 18( )

(d)y:a(x—b)2+c
Vertex isat (8,0)sob= 8;c=0
y = a(x - 8)°

a < 0 because inverted parabola

(a)y:ax2+x+b
UsingD=(0,2),b=2
Using A = (2,3),

4a + 2 + 2

1
w

(b) y = ax’ + x + b
UsingC=(0,-5),b=-5

Using B = (2,1),
4a + 2 -5 =1
a=1

2
y =x +x-25
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16 r = at’ + bt + ¢ 17

(1)t=5r=3:25a + 5b + ¢ = 3 a y=(xx-4-3
(2)t=9,r=6:81a + 9b + ¢c = 6 Upright parabola, vertex (4,-3) so B

(3)t=13,r=5:169a + 13b + ¢ = 5

(2)- (1) gives56a+4b =3 b y= 3,(X,4)2
(3)-(2) gives88a +4b=-1 Inverted parabola, vertex (4,3) so D
From these 2 equations, 32a = -4
1
soa= ~g
Substitute into 56a + 4b = 3:
_% 4b = 3
8

- = 4+ = 4+ c =3
g 2
cc= 2%
8
r 7%(t2720t+51)
L. 17,5, 5
2 8
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Exercise 4M Solutions

1
a Width of paddock = r; length = 60 — 2r

~ A =r(60 — 2r) = 60r — 2r°

¢ Maximum area is at the vertex,
i.e. when r = 15 (halfway between the
two x-intercepts).
When r = 15,

A = 15(60 — 30) = 450 m’

2 E = 400 (x — x)

b  Zero efficiency rating when x = 0 and 1

¢ Maximum efficiency rating is at the
vertex where x = 0.5

d E>70when 40x — 400x° — 70 > 0
i.e. {x:0.23<x<0.77}

3
a If xcm = length of the rectangle, then
2X + 2w = 68, ~.w = 34 — X

A:IW=x(34—x)=34x—x2

¢ Maximum area formed is at the vertex
where x = 17;

A= 17(3% — 17) = 172 = 289 cm’

4 C = 20h + 100h°

h is most unlikely to be less than zero in
an alpine area, and will be less than 10,
since the highest mountain on Earth is
less high than 10 km above sea level.

b C’s maximum value is at the top of the
highest peak in the mountains (8.848 km
for Mt Everest).

¢ Forh=2.5km,

C = 240(25) + 100(25)°
= 600 + 625 = $1225
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200 (8t — 05t — 14) y= 2x —x + 5
2

b y=ax +bx +c
aaaaa ] (-1,-2):a-b+c=-2 ...(2)
(1,-4): a+b+c=-4 ...(2)
(3,10):9a + 3b + ¢ = 10 (3)
(2)-(1)gives2b=-20rb=-1
(3)—(2) gives8a +2b =14
s.8a =16 . a = 2
Substitute into (2):
2-1+c¢c=-4,..¢c=-5

—
1

6000

2
y =2x —x -5

Solving 8t — 0.5t —1.4 = 0 witha o

CAS gives t=0.18, 15.82. So ¢ (3’3—5‘;X9+ bX3b+ c _—
te (0.18,15.82 2> 0) 93 = S F €= 0.
= ) (3,20):9a + 3b + ¢ = 20 (2)

At the vertex t = 8, T = 8874 units (5,57): 25a + 5b + ¢ = 57 (3)
(2) - (1) gives 6b = 15 orbzg
d=1 + %x—%xz,xzo (3) - (2) gives 16a + 2b = 37

oo 16a +5 =37, .a=2

Substitute into (2):
18 +£+c:20,:.c: _u
2 2
y = 2x2 + =X - %
8 The x-intercepts are 0 and 1.5
Sp Y = ax(x-1.5)
A is the point (0.75, 0.6) so:
0.6 = a(0.75)(0.75-1.5)
i Maximum height = 5.5m 3 9
i Wheny=2, x = 15 +5J7 s 160
___(x_= 19mor 28.1_ m) Soa=-_16
iii y-intercept =, so it was struck 1 metre 16 8
above the ground. y=——x2+—x
15 5
16 8
y:aX2+bx+c a:_E’b:g'C_O
(2,-1):4a - 2b + ¢ = -1 ...(2)
(L,2:a+b+c=2_ (2
(3,-16)9a + 3b + ¢ = -16  (3) s = at’ + bt + ¢
(2)—(1) gives3b—-3a=3orb=a+1 900a + 30b + c =72 (1)

b=a+1=-9-4a

~.ba = -10, ~.a = -2;b = -1
Substitute into (1):

8 +2+c=-1..¢c=5

90 000a + 300b + ¢ = 6 ...(3)

(2) — (1) gives 21600 a + 120b = 53
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(3)—(2) gives 67500a +150b = —-6.5

Using a CAS, the solution is:

= _ 7 ; b = i iCc = 3
21 600 400 12
b
c i t=180, s= 12.36 , S0 spending is
estimated at $1 236 666.

t = 350, s = 0.59259, so spending is

estimated at $59259
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Chapter Review: Multiple-choice Solutions

(Bx +4)(4x-3) A

2
1 12x" +7x-12

2 x> _5x_-14 = 0
T (x - 7)(x +2)=0

3 y=8+2x—x2
=9 (X —2x + 1)

=9 (x - 1)°
Maximum value of y is 9

whenx =1 C

4 y = 2% — kx + 3
If the graph of touches the x—axis then

A=0:

A=(-k’—24 =0

S K= 24

'.k:124:¢2\/g E
5 x° — 56 = x

xz—x—56:0

(x =8+ 7) =20

X =-7,8 B

6 x + 3x — 10

3%+ 40 = 49 C

B>
Il

7 y:3x2+6x—1
=3 + 6x +3 -4

=3(x + 1)° — 4
TPisat (-1, -4). E

8 5x° — 10x — 2
=50 —2x + 1) — 7
=5(x — 1)° - 7 E

9 Iftworeal rootsof mx’ + 6x — 3 = 0
exist, then A > 0:
A=6 + 12m = 12(m + 3)
m>-3 D

10 6x° — 8xy — 8y2
= (3x + 2y)(2x — 4y) A
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Chapter Review: Short-answer Solutions (technology-

free)
1
2
a x +9x+ﬂ:(x+g)
b x* + 18x + 81 = (x + 9)°
2
o K otxede(i-)
5 25 5
d x + 2bx + b° = (x + b)’
2 2
€ 9x —6x +1 = (3x - 1)
f 25x° + 20x + 4 = (5x + 2)°
2
a 3(x —2) = 3x + 6
b —ax-a) = —ax + a
2 2
C (7a — b)(7Ta + b) = 49a - b
d (x + 3)(x — 4) = X +3x—4x—12
:xz—x—12
e (2x + 3)(X — 4) = 2x" + 3x—8x— 12
= 2x° — Bx - 12
foxsnx-y=x -y
2 2
g (a-Db)a + ab + b)
:ag—a2b+a2b—ab2+ab2—b3
3 3
=a —-b
h (2x+2y)(3x+y):6x2+6xy+2xy+2y2
= 6x2 + 8xy + 2y2
i (3a + 1)(a - 2) = 3a°+a-6a-2
:3a2—5a—2
R 2 2
] x+y) - Kx-y)

m

n

((x+y)=(x=y) ((x+y)+ (x-V))
(2y)(2x) = 4xy

u(v. + 2) + 2v(1 — u)
uv + 2u + 2v — 2uv
2u + 2v — uv

(3x + 2)(x — 4) + (4 — x)(6x — 1)
(3x + 2)(x—4) + (x—4)(1 - 6x)
(x —4)@Bx + 2 + 1 - 6x)

(x — 4)(3 - 3x)

3% + 15x — 12

4x — 8 = 4(x — 2)
3x2 + 8x = x(3x + 8)
24ax — 3x = 3x(8a — 1)

4-x = (@2 -2 + ¥

au + 2av + 3aw = a(u + 2v + 3w)

4612b2 - 9a4 = 612(4b2 — 9a2)
= a’(2b — 3a)(2b + 3a)
2 2
1 -36xa = (1 - 6ax)(1 + 6ax)
x2+x—12 = (x + 4)(x - 3)
x2+x—2:(x+2)(x—1)
2 + 3x — 2 = (2x — 1)(x + 2)
6X. + Tx + 2 = (3x + 2)(2x + 1)
3x° — 8x — 3 = (3x + 1)(x — 3)
2

3X +x -2 =(3x - 2)(x +1)

6a’ —a -2 = (3a - 2)(2a + 1)

0 6X — 7x + 2 = (3x — 2)(2x — 1)
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b y:—2x2 + 3

C y=2x-2"+3

mv
o

d y=o20x +2°+3
e
e y=2x-4°"-3

f y:9—4x2

g y=3x-2°

h y=22-x"+3

N/

x2—4x—5

—Ax + 4 -9

.'.y:(x—2)2—9

5
y:
b y=
Ly
C y =

x2—6x

2

X —6x +9 -9
= (x -3)° -9
2

X — 8x + 4

X~ 8x + 16 — 12
= x-8" -1

10+

A
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f

< <

2X2 + 8x — 4
2(x2 + 4x — 2)

2(x2+4x+4,6)

2(x + 2)° — 12

101 /
sT
2

&

y:fx2+4x+5
— (X — 4x - 5)

Y

—(x2—4x+4—9)

m

—x— 2%+ 9

:

R

6

i y-intercepts are at (0,c) in each case;
X— intercepts are where the factors
equal zero.
ii The axis of the symmetry is at
b
2a
iii The turning point is on the axis of
symmetry with the y-value for that point.

y:X2_7X+6:(X76)(X71)
i (0,6),(6,0)and (1,0)

iix= -2 =17
2a 2
iii Turning pointat (£, - &)
2 4
2
y= -x —-x + 12

S+ x - 12)
—(x + 4)(x - 3)
i (0,12), (-4,0) and (3, 0)

ix= 2= 1
2a 2
iii Turning point at ( - %,%)
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%"+ Bx + 14

— (<" - 5x — 14)
-(x - 7N)(x + 2)

<
1

i (0, 14), (-2, 0) and (7, 0)

b _ 5

iii turning point at (

y
20
15
/
of

5 81
2’4)

4 2
st
109

i (0,16), (2,0) and (8,0)
iix= -2 -5
2a

R

y = x — 10x + 16 = (x—8)(x—2)

iii Turning point at (5,-9)

-2 2! a 6 8 10 x
0 v

y = 2X + x — 15 = (2x—5)(x + 3)
i (0,-15), (3,0) and (-3,0)

y
g ; p

4 2
5T
-0

f

g

h

y= 6x —13x—5 = (3x + 1)(2x —5)
i (0,-5), (%,0) and ( - %,0)

b

iix= ——= =

2a

13

12

il Turning point at (=, - =—
ap (12 24 )

|

y
\m 1
5T
2
s

y = 9x — 16 = (3x — 4)(3x + 4)
i (0,-16), (§,0) and ( - %,0)

b
2a

iix = —— =

0

iii Turning point at (0,-16)

\ 10
5

2
s

|

y = 4 — 25 = (2x — 5)(2x + 5)
i (0,-25), (3,0) and (—2,0)

b
2a

iix = —-— =

0

iii Turning point at (0,—

A

25)

L
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—bi\lbz— 4ac

X =

2a
X +6X + 3 =0
6 +d36 - 12

S X =

2
_—6124~/g = 3+20

x =-0.55, -5.45 from calculator

X+ 9x + 12 = 0

.ozl a8
2
_ 93
2

X =-1.63, —7.37 from calculator

x2—4x+2:0

L= 4xJ16 8
2
=22

x = 3.414, 0.586 from calculator

2x° + 7x + 2 =0

o 19 16
2
_a.m
2

x = —0.314, —3.186 from calculator

2x° + 7x + 4 = 0

sox = —LENA9 - 32
2
ol
2

x =-0.719, —2.7816 from calculator

3" + 9x — 1 = 0

_ 9+J81 + 12
2
_ 9+
2

X

x =-0.107, 3.107 from calculator

10

11

y = a(x — b)(x - ¢)

Assume the graph cuts the axis at (0,0)

and (5,0),b=0andc=5
Using (6, 10): y = ax(x — 5) = 10
ax2 —bax - 10
36a — 30a — 10
6a — 10

wlol © © ©

a

5
= =x(x - 5
y 3( )

A parabola has the same shape as
y = 3%, but its vertex is at (5,2).

.'.y:3(x—5)2+2

The vertex is at (1,5).

Sy = a(x—l)2 + 5
Using (2, 10):
y=a2-1°+5
~a =25

sy = 5(x—1)2 + 5
ORYy = 5x° — 10x + 10

10

y=2x+3andy= x> meet where:
X2:2X+3,.'.x2—2x—3:0
L (x-3)(x+1) =0

Wherex =3,y =9; wherex=-1,y=1

Curves meet at (3,9) and (-1,1).

y=8x+11 andy=2x2 meet where:
2x° = 8x + 11
Lo —8x — 11 =0

_ 8+.J64 + 88
4
SoX o= 21‘/:?
Wheresz—g,y= 27 — a3

Jz8

Wherex:2+T,y= 27+4\/?E

From calculator: curves meet at
(-1.08,2.34) and (5.08,51.66).
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c

y=3x" +7xand y = 2 meet where:
3+ Tx = 2
L3+ TX - 2=0
T
- 6
7413
-
Curves meet at (-7+73 2).
From calculator: (0.626, 2) and (-2.62,2)

y = 2x" and y =2 — 3x meet where
2x" = 2 - 3x
L2 +3x - 2=0

1

L(2x - D(x + 2) =0, .'.X:E,—Z

Where x = %,yzé;wherexz—z,y=8

Curves meet at (% ,%) and (-2,8).

12

2 + mx + 1 = 0 has exactly one

solution where A = 0:
A=m —-8=0 ~m =8

.m :J_rZ\E

x° — 4mx + 20 = 0 has real
solutions where A > 0:

A=16m° — 8 = 0

2
*m >5

Solution set:
{m:m<—/5) N {m: m>+5}

amx> + Am — x +m — 2 =
There are real solutions if A > 0:

A= 16(m — 1)° — 16m(m — 2)

0

= 16(m° —2m + 1 —m + 2m)

=16 > 0
Therefore there are 2 distinct real
solutions for all values of m.
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Chapter Review: Extended-response Solutions

1 a The turning point (h, k) is (25, %)
o y=a(x—25)2+%
When x =0, y =0
0=a(0-25)+7

0 =625a +%
-9
625a = -
_=9
a =1750

: . -9 9
Hence the equation for the parabola is y = 7555 (x — 25)% + 5, for 0 < x < 50.

This can also be written as y = -0.0072x(x —50) [the intercept form].

b | x| 0| 5 | 10|15 |20 | 25 | 30 | 35 | 40 | 45 | 50
y | O |162|288|378|432| 45 |4.32(3.78|288|1.62| 0
You can find these values using a CAS calculator, or:

When x =10, y = 1505 (10 - 25)2 + 5

-9 9
= 1250 ¥ 225 + 5

_-81, 225
=50 * 50
_144
=50
_12

— 25
—288

When x = 20, 1250 T5eq (20 — 25) +

1250 x 25 +
=432

When x =30, y= %(30 _ 25)2 + % Ay (m)
=4.32
When x =40, y= %(40 - 25)2 +%

—_— N W R~ W

= Ta55% 225+ 5 0 10 20 30 40 50x (m)
=2.88
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¢ Wheny=3, %(X—25)2+%:3

9 3
1250 (X —25) =75
-3 1250 _ 625
2

(x=252=5x"¢9g =73
X - 25 = 4 [ 22>
x=251@E

: X ~10.57 or x = 39.43
Hence the height of the arch is 3 m above water level approximately 10.57 m and 39.43
m horizontally from A. This can also be solved using a CAS calculator.

d Whenx=12, = T35 (12 25) +3

1220 x 169 +5 = 3.2832

The height of the arch is 3.2832 m at a horizontal distance of 12 m from A.

e The greatest height of the deck above YA147, )
water level, h m, is when ’
x+03=15andx-0.3=35

i.e. when x =14.7 and x = 35.3

1250 1250 (14.7 — 25)? +3 2

0 15 35 50 x
= 3.736152

Hence the greatest height of the deck
above water level is approximately 3.736
m.

a If xcmis the side length of the square then 4x cm has been used to form the square, so
the perimeter of the rectangle is P = 12 — 4x.
Let a cm be the width of the rectangle and 2a cm be the length of the rectangle,

SO P=a+a+2a+2a=6a
6a =12 —4x
2 4
a=275x and 2a=4—§x

: . 2 4
Hence the dimensions of the rectangle are (2 —gx) cm x (4 —gx) cm.

b Let A, be the area of the square and A, be the area of the rectangle.
L A=A A =+ (2-5x)(4-5x)

8 8 .8
=X2+8-3X—3X+gx?
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a

17 16
=9 Xt~ 3x+8

Hence the combined area of the square and the rectangle in cm? is defined by the rule A =
17 16

9 = X2 — 3x+8
b
TP occurs when x = - —
2a
16 34
3 9
24
17

. 24
Minimum occurs when x = 17

24 96
Whenx=77, 4x=77~5.65
108
and 12 -4x =77 ~6.35
Hence, the wire needs to be cut into lengths of 5.65 cm and 6.35 cm (correct to 2
decimal places) for the sum of the areas to be a minimum.

V =rate x time
Whenx=5, V =0.2x60=12
Whenx =10,V =0.2 x 60 x5=60
When x=0, V=0
. ¢ =0 (y-axis intercept is 0)
V =ax? + bx
When x=5 V=12, 12=25a+5b (1)
When x =10, V =60, 60 =100a+ 10b (2)

2% (1) 24 =50a+10b  (3)
- (3) 36 = 50a
_3%_18
~507 25
Substitute a =30 in (1) 12 =25 x 3¢ + 5b
12 =18 +5b
5b = 6
b=-1t

18 6
Hence, the rule for V in terms of X is V =5 X2 —£X, x>0, or V = 0.72x° -1.2x

When x =20 (i.e. a depth of 20 cm)

= 25 (20) -5 (20)
18 x 400

=" ~—24
=18 x 16 — 24 = 264
Now V = rate x time
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LV
time = rate

264

=72 = 1320 minutes
=22 hours
Water can be pumped into the tank for 22 hours before overflowing.
a Let Ve m2 be the volume of the <« 90 —>
embankment. A 1
Ve = 120 x shaded area ¥ +
1 1 45° \l \L 45°
:120<90X+§X2+§X2) <« x—><— 9 ) —><x—>

=120x2 + 10800x%x, x > 0

b Let V. m3be the volume of the xtan25° oo xtan25°
cutting. 65X 1 A Yeoso
Vc = 100 x shaded area x 5
= 100(50x + x2 tan 25°) 652 652
~ 100(50x + 0.466 308x2)
~ 46.63x2 + 5000x%, x > 0
¢ Whenx =4, Ve ~46.63 x 42+ 5000 x 4
~ 20746.08
Now Ve = L x (x2 + 90x), where L m is the length of the embankment.
Ve
¥ L =32+ 90x
If using soil from the cutting, V. = V¢
__ Ve
L =3+ 90x
_ 2074608
= rooxa” 55.18

Hence, when x = 4 m, an embankment 55.18 m long could be constructed from
the soil taken from the cutting.

a bx+2l=100 ~—xm—>
21 =100 - 5x
| =50 — 2x
[ m
b A=xxl
:50x—gx2
¢ When A=0, —%x2+50x =0

x(—gx + 50) =0
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. eitherx=0 or —%x+50:0

If ~2x+50 =0, 2x =50
_2x50
-5
=20
Turning point is halfway between the x-intercepts, i.e. at x=10.
Am) (10, 250)
2507
When x = 10, 2007
A=—3x 102450 x 10 o]
=-250 + 500 = 250 50

0 10 20 x(m)
Completing the square may also be used to find the vertex.

d The maximum area is 250 m2 when x is 10 metres.

6 GivenAP:1,AB:1—X,AD:xand%:%
1 X
then T
1—x =x2
x2+x-1=0

Using the general quadratic formula:

-b+/h2—4
x:ﬂ wherea=1,b=1,¢c=-1

2a
. = 1+\1-41)(D) _ -1+/5
= 2 -2
271;_\/3 or71;%

-1++/5
butx>0, so x :42[
7 a Using Pythagoras’ theorem 4
PA? = 52 + X2 s
=x2+25
PA =/x2+ 25
B " P
b i PC =BC -BP
=16 -x
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i Using Pythagoras’ theorem D
PD? = (16 — X)2 + 32
= X2 — 32X + 256 + 9 3
PD =+/x% - 32x + 265

P 16— x ¢
If PA=PD, \/x2 + 25 =1/x2 - 32x + 265
: X2+ 25 =x2—32x + 265
25 = -32x + 265
32x =240
x=75
If PA=2PD, \X2 + 25 = 24/x2 — 32x + 265

X2 + 25 = 4(x2 — 32x + 265)
=4x2-128x + 1060
s 3x2—128x +1035 =0
Using the general quadratic formula,
128 +/(-128)? — 4(3)(1035)
X= 2(3)
128 +/3964

= 6

128 + 24/991

- 6

64 £+/991

- 3

=31.82671... or 10.83994. ..
~10.840 (as 0 <x < 16)

If PA=3PD, \/x2+ 25 = 3\x2 — 32x + 265
: X2 + 25 = 9(x2 — 32x + 265)
= 9x2 — 288x + 2385
8x2 —288x + 2360 =0
8(x2—-36x +295) =0
Using the general quadratic formula,
_ 36 +1/(=36)% — 4(1)(295)
X= 2(1)
_ 36++/116
- 2

_ 36 i223[29 _ 18 i\/2_9

=23.38516... or 12.61483...

~12.615 (as 0 < x < 16)
Note: Parts ¢, d and e can be solved using the CAS calculator. Plot the graphs of
f1=V(x"2+25), f2=V(x"2-32x+265), f3=2xf2(x) and f4=3xf2(x) for
X € [0, 16]. The points of intersection of f1 with each of the other graphs provide the
solutions for x.
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Consider AB and CD to be a pair of Fartesian axes with O at the point (0, 0). The first
jogger is at the point (8t, 0) at time t. The second jogger is at the point (0, 10t — 5) at
time t.
Using Pythagoras’ theorem
y? = (8t)? + (10t - 5)2 s y
= 64t2 + 100t2 — 100t + 25
y =+/164t2 — 100t + 25

10t-5

*Unzaved —

110 ¥

f1 (x]l=J164- x2-100- x+25

iii  Ona CAS calculator, enter solve(V(164x2—100x+25)=4,Xx).

, : . 9 1
The points of intersection are (8_2’ 4) and (5, 4).

Therefore the joggers are 4 km apart after 0.11 hours (1.07 pm), correct to 2 decimal
places, and after 0.5 hours (1.30 pm).
Or consider /164t2 — 100t + 25 = 4
16412 -100t+9 =0
100 £4/(~100)2 — 4(9)(164)
= 2(164)
_ 100 ++/4096
- 328
100 + 64
328
9

t

N

With the graph from part ii on screen

TI1: Press Menu—6:Analyze Graph—2:Minimum
CP: Tap Analysis—G-Solve—Min

to yield (0.304 87837, 3.1234752).

Therefore the joggers are closest when they are 3.12 km apart after 0.30 hours,
correct to 2 decimal places.

Alternatively, the minimum of \/164t2 — 100t + 25 occurs when
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164t2 — 100t + 25 is a minimum.

. 100
This occurs when t= > % 164
25
=35, (1.18 pm)
.. . 20
", minimum distance apart = N
2041
41
~ 3.123 km

b i Wheny=5, 5 = /1642 — 100t + 25
25 = 1642 — 100t + 25
164t2 — 100t = 0
4t(4112 — 25t) = 0

25
t—Oort-41

i Wheny=8, 6 =+/164t2 — 100t + 25
36 = 164t2— 100t + 25
164t2—-100t-11 =0
Using the general quadratic formula,
(2 100 \/(=100)? — 4(164)(-11)
- 2(164)
100 ++/17 216 _ 25+ 24/269
328 PV

82

a BC=x, CD=y,BD = diameter of circle = 2a
Using Pythagoras’ theorem,
BC2 + CD? = BD?
X2 +y2 = 4a2, as required.

b Perimeter = b, but perimeter = 2(x +y)
: 2(x+y)=b
c 2x+y)=b L2X+2y=b
2y =b-2x
1
y=5b-x 1)
Substituting (1) into X2 +y2 = 4a? gives
1 2
X2 + (Eb —x) =4a?
2X2 — bx + b7 — 4a? = 0 @)

8x2—4bx +b2-16a2=0

Now x +y > 2a ... using (1), X + Gb—x) > 2a
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1

5b>2a
o b > 4a
Considering the discriminant, A, of (2)

A= (b - 42302 - 422)

= b2 — 85 b - 4a?)
=b? - 2b? + 32a2
= 32a2 - p?
For the inscribed rectangle to exist, A >0
32a2-ph2>0
b? < 32a2
b <4\ [2a
. 4a < b < 4\2a, as required.

i Substituting a =5 and b = 24 into (2) gives
1
21 - 24x + (5 (247~ 4(5)?) = 0
2x2 —24x + 44 =0

S X2—12x+22 =0
Using the general quadratic formula,

(= L2E V(=122 - 4(1)(22)

2(1)

Now y=5b-x
=%(24)—x=12—x
Whenx=6++14, y=12—(6++/14)
Whenx=6++/14, y=6-+/14
Whenx=6-+/14, y=6++/14
i 1f b =44/2a, then (2) gives
2x2 — d[2ax + G (4\/§a)2—4a2> =0
2x2 — &[2ax + 8a2 — 4a2 = 0
2x2 — M[2ax + 4a2 = 0
X2 — 2[2ax + 2a2 = 0
(x—~/2a)2 =0
X =+/2a
y =%b—x
=2\[2a-+[2a
=+[2a

137



f

If g =5, then b = 5a and, from (2):
~ (e + (3 (Gay— 4a2) = 0
2x% — 5ax + ( )
a?

2x2 —bax + Z

0
Using the general quadratic formula,

Sai\/(—Sa)2—4><2><%a2

X= 2(2)
_ ba++/25a% — 18a?
- 4
_5a13[7a
- 4
1
Now y=5b-x
1
=5(5a) — X
_5
=5a—X
5a t++/7a 5 5a ++/7a
Whenxzi, y=5a-—
4 2 4
5a ++/7a 5a—+\/7a
When x = 7 = 7
5a—+\/7a 5a ++/7a
When x = 7 y = ﬁL

The following program can be input into a CAS calculator to solve equation (2) in part ¢

for x andy, givenaand b (a, b € R), correct to 2 decimal places.

TI: In the calculator 11
application press
menu—9:Functions &

Programs—1:Program || |Define LibPub prog1(-
Editor—1:New. Name Prem

the program progl. The
following information is
shown automatically.
Complete the screen as
follows:Complete the
screen as follows:

L

10| B8
A progl 0/
EndPrgm
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10 a

Define LibPub progl()=
Prgm

setMode(5,2)
setMode(1,16)

Local a,b,w,x,y,z
Request "a=",a

Request "b ="b
(b+V(32a"2-b"2))/4 — x
b/2—x —>y
(b—(32a"2-b"2))/4 —> W
b/2—-w — z

Disp "x =", X
Disp"andy =",y

Disp "OR"

Disp "x=",w

Disp "and y =",z
EndPrgm

Equation of curve A is

y:(x—h)2+3
(0,4): 4=(0-h)*+3
h? =1

h=1 (since h>0)
Soy=(x-1)°+3

=x’-2x+4
Giving b= -2, c=4 and h=1

iv

The coordinates of P’ are (x, —6 + 4x — x?)

Let (m, n) be the coordinates of M.
: m =X

X2 — 2X + 4) + (=6 + 4x — X2
and n =t )2( )

.. the coordinates of M are (x, X — 1).

The coordinates of M for x =0, 1, 2, 3, 4 are (0, -1), (1, 0), (2, 1), (3, 2) and (4, 3)
respectively.

y =x—1is the equation of the straight line on which the points (0, -1), (1, 0), (2, 1),
(3,2) and (4, 3) all lie.

d=(x2-2x+4)— (-6 +4x—x?) =2x2—-6x + 10
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10

>
X

0

iii TI: Press Menu—6:Analyze Graph—2:Minimum with f1=2x"2—-6x+10,
CP: Tap Analysis—G-Solve—Min
to yield (1.5, 5.5). Therefore the minimum value of d is 5.5 and this occurs when

x=15.
. 9 9
Or consider 2(x2—-3x+5) = 2(x2 —3X++5- Z)

PEREE

. .11 3
.. minimum value of d is > and occurs for x = 5.

11 a Length of path = /(60 + 30)? + (30 + 15)?
= \/ 10125
= 45\/5
b i y=ax+bx+c
At (=20, 45), 45 = 400a—20b + ¢ (1)
At (40, 40), 40 = 1600a + 40b + ¢ (2)
At (30, 35), 35 =900a + 30b + ¢ (3)
(2) — (1) gives -5 =1200a + 60b 4)
(2) — (3) gives 5 =700a + 10b (5)
6 x (5) — (4) gives 35 = 3000a
35
a = 3000
7
~ 600

o 7. .
Substituting a = g5 into (5) gives:
7
5= 700(@) +10b

49
=%t 10b

-19
10b = &

_-19

~ 60

o 7 =19 . .
Substituting a = 555 and b =54 into (1) gives:

7 -19
45 = 400(@) - 20(@) +c
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_14 19
3 T3 *C

c=34

y = #xz —%x +34
TI: Press Menu—6:Analyze Graph—2:Minimum with f1=7/600x"2—-19/60x+34,
CP: Tap Analysis—G-Solve—Min
to yield (13.571521, 31.851 19). Therefore the vertex of the parabola has coordinates
(13.57, 31.85), correct to 2 decimal places.

|~

( , 190 20400)

((X )2 133 775)

7( 95) 5351
~ 600 7 168

. 7 19
Or consider 600 X2 — 60X+ 34 6

o

0

1
o)
<3|-4
(=)

L. . 5351 ]
. minimum value is 168 and this occurs when x = 7 -
y A
A (=20, 45)
B (40, 40)

40 4
\/ D (60, 30)

C (-30,-15)

. 1 . . .
The expression y = (ax? + bx + ¢) — 5 x determines the distance, perpendicular to the

. 1 . . L
x-axis, between y = ax? + bx + ¢ and y = 5 x at the point x. In this question, it is the

distance between the path and the pond.

With f1=7x"2/600-19x/60+34—x/2

TI: Press Menu—6:Analyze Graph—2:Minimum

CP: Tap Analysis—G-Solve—Min

to yield (35.000 004, 19.708 333). Therefore the minimum value is 19.71 which
occurs when x = 35.00, correct to 2 decimal places.

. X% 19x X 7x? 49x
Or consider 500~ 60 + 34— > =600 +34
7 20400
=@<X2770X+ 7 )
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7 1182
=@(X2770X+1225+ 7 5)

7 11825
=@((X735)2 +— )

7 473
=500 (X —35)2 + 57

.. . 473 )
.. minimum value is 4 which occurs when x = 35.
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